PHUONG TRINH LUONG GIAC

CO BAN

THUAT NGO KIEN THU'C, KiNANG
: .« Nhan biét cong thirc nghiém ctia phwong trinh lwong giac
co ban bang cach van dung do thi ham s6 lwong giac twong (ng.

i * Tinh nghiém gan dang cla phwong trinh lwong giac co ban

i bang may tinh cam tay.

+ Gidi phwong trinh lwong giac & dang van dung truc tiép

i phwong trinh lwgng giac co ban.

|+ Gidi quyét mdt s6 van dé thuc tién gan voi phwong trinh
lwong giac.

* Phwong trinh lwgng giac

* Phwong trinh lwong gléc
co ban

« CoOng thirc nghiém

M6t qua dan phao dwoc ban ra khdi ndng phao véi van tée
ban dau cé d6 16n v, khéng déi. Tim goc ban o dé qua dan
phao bay xa nhat, bé qua sirc can clia khéng khi va coi qua
dan phao dwoc ban ra tir mat dat.

Hinh 1.18. Dan phao

1. KHAI NIEM PHU'O'NG TRINH TUONG DUONG

) 1o1. Nhan biét khai niém hai phwong trinh twong dwong

Cho hai phwong trinh 2x -4 =0va (x - 2)(:-:2 + ‘I) =0.
Tim va so sanh t&p nghiém cua hai phwong trinh trén.

i B

« Hai phwong trinh dwoc goi la fuong duong khi chung co cung tap nghiém.
+ Néu phuwong trinh f(x)=0 twong duwong véi phwong trinh g(x) =0 thi ta viét

f(x)=0< g(x)=0.

b -

Chu y. Hai phuong trinh vé nghiém la twong dwong.
' » Vidu 1. Hai phuong trinh sau ¢é tuvong duong khéong?
2x +6=0vax?+6x+9=0.
Giai
Tap nghiém cua phwong trinh 2x +6 =0 1a S, = {-3}.
Phuong trinh x? + 6x + 9=0 dwoc viét lai thanh (x+ 3)2 =0, do dé tap nghiém cua no la

S, ={-3}.
Vay hai phuwong trinh trén la twong duong.




J Luyén tdp 1. Xet s twong dwong cla hai phwong trinh sau:

X—-1
x+1

=0vax?-1=0.

Chu y. Dé gidi phwong trinh, thong thwong ta bién d6i phirong trinh d6 thanh mét phuong trinh
twong dwong don gidn hon. Cac phép bién déi nhw vay goi la cac phép bién doi tuong duong.

Néu thwe hién cac phép bién dbi sau day trén mét phwong trinh ma khéng lam thay déi diéu
kién cua no thi ta dwoc mot phwong trinh méi twong dwong vei phwong trinh da cho:

a) Cong hay trir hai vé véi cling mét sé hodc mét biéu thire:
f(x)=g(x) < f(x)+ h(x)=g(x)+ h(x).

b) Nhan hoéc chia hai vé véi cing mét sé khac 0 hodc véi cung mét biéu thire ludn co gia tri
khac O:

f(x)=g(x) < f(x)h(x)=g(x)h(x), (h(x)=0).
2.PHUONG TRINH sinx=m

) #o2. Nhan biét cong thirc nghiém cua phwong trinh sin x = % 1 Ay

a) Quan sat Hinh 1.19, tim cac nghiém cua phwong trinh
da cho trong nira khoang [0; 2r).

b) Dwa vao tinh tuan hoan clia ham so sin, hay viet cong thirc
nghiém cua phwong trinh d& cho.

Minh hoa bang do thi: Nghiém cuia phwong trinh sin x :%

5 % -~ » o ) n = 1 x i -
la hoanh @6 cac giao diém cua duwong thang y = > va do thi
ham sb y =sinx. Hinh 1.19

@ |
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Hinh 1.20. Buong thang y 1 va do thj ham s6 y = sinx
2

Téng quat, xét phwong trinh sinx =m (*).

— Néu |ml>1 thi phwong trinh (*) v& nghiém vi |sinx| <1
voi moi x e R,

¥ X
— Néu |ml <1 thi ton tai duy nhat “E["g; %] thod man O "
. T, . an g . n 3n
sin oo = m. Khi do, tren doan co do dai 2= la [_f:?]'
phwong trinh (*) c6 cac nghiém o van — a (H.1.21). -1

Hinh 1.21



Do tinh tu&n hoan véi chu ki 2z cGa ham sin, ta chi viéc cdéng vao cac nghiém nay cac béi

nguyén cla 2r thi sé& dwoc tat ca cac nghiém cla phuwong trinh (*).

-
» Phwong trinh sin x = m c¢6 nghiém khi va chi khi Iml <1.

s

« Khi|m| <1, sé ton tai duy nhat o [-E- E] thoa mén sina = m. Khi d6

: : : X=o+k2n
sinx=m < sinx=sina < (keZ).
| X=n—o+k2n

Cha

a) Néu s6 do cua goc a duwoc cho bang don vi dé thi
x =a’ + k360°

sinx =sina’® < i (ke Z).

x =180° —a” + k360°

b) Mét s trwdng hop dac biét:

. Sinx=0=x=knlkeZ).

‘ sinx=1¢x=g+k2n{k52’;).

. sinx=—1¢::::{=—g+k2n{ke Z).

) Vidu 2. Giadi cac phuong trinh sau:

a)sin:’r:—ﬁ; b)sinx:i.
2 3
Giai )
X =——+ k2
. 3 (= 3 o I
a) sinX=——<sinx=s8in| —— [ (k€ Z). sinu=siny =
2 o) 47
X=—+Kk2n
| 3
: ri A A I a8 N 1 - !
b) G@IHE{—E; E} la goc thoa man smu=§.Khldntam:
. 1 . X=a+Kk2n
SinX =— <> sin X =sin kel)
3@ u@{xzn—u+k2n{ =5

) Vidu 3. Giai phwong trinh sin2x = sin (60“ - 3x).
Giai
2x =60° —3x + k360°

sin2x = sin(ﬁﬂ“ = Sx) &
2x=180° - (50” -3x) +k360°

'5x =60° + k360° NES 2 4+ k72°
—x=120° +k360° | x=-120° - k360°
Vay nghiém cua phwong trinh da cho la

X =12° + k72° (k e Z) va x = -120° — k360° (k € Z).

Uu=v+Kk2an
u—-n-v+k2n

(k e Z).

(k

I

Z).



) Vi du 4. Giai bai toan & tinh hubng mé dau.
Giai £
Chon hé truc toa d6 cé gbc toa d6 dat tai vi tri
khdu phdo, truc Ox theo hwéng khau phao
nhw hinh bén. Khi do, trong Vat li, ta biet rang
quy dao cua qua dan phao co dang dwong
parabol c6 phwong trinh (v&i g la gia toc

trong trrong) y = —; 9 —x* + xtana.
2v, Ccos” o
—g ) _ V4 sin2a
Cho y =0ta dwoc ————x* + xtana =0, suy ra x=0 hoac x = .
2vy COS” o g
. : v sin2a Vesin2a V5 i s .
Qué dan cham dat khi x = = .Tacd x =2 <0 daubang xay rakhi sin2a =1.
g g g

Gidi phuong trinh sin 2o = 1, ta duoc a =%+k:rr (keZ).Do0<a ignén o =%hay o = 45°,

Vay qua dan phao sé bay xa nhat khi goc ban bang 45°.

2

') Luyén tap 2. Giai cac phuwong trinh sau: a) sinx = ?; b) sin3X = —sinax.

3.PHUONG TRINH cosx=m

) #o3. Nhan biét cong thirc nghiém cua phwong trinh
1

COS X = ——
2

a) Quan sat Hinh 1.22a, tim cac nghiém cua phuwong

trinh da cho trong nira khoang [-m; ).

b) Dwa vao tinh tuan hoan cta ham sé cdsin, hay viét
cong thirc nghiém cla phwong trinh da cho. Hinh 1.22a

Minh hoa bang db thi: Nghiém ctia phwong trinh cos x = —% la hoanh d6 céc giao diém cua

dwong thang y = —% va dbé thi ham sé y = cos x.

Hinh 1.23. Puong thdng y - -; va do thi ham sd y = cos x



= ™

» Phwong trinh cosx = m ¢é nghiém khi va chi khi [m| < 1.

» Khi [ml<1, s& ton tai duy nhat o <[0;x] thod man
cosa = m. Khi do

X=o+k2n )
COSX =M <> COSX =C0Sa < (k € Z).
X=—0+K2n
LN v
Chuy
_ _ ‘ Hinh 1.22D
a) Néu so do cua goc a duwoc cho bang don vi do thi
.0 o
cosx=cosa® | O T (k e ).
x =-a° + k360°
b) Mét s6 tredng hop dac biét:
. cusx=0<¢x=§+kn (keZ).
» cosx=1ex=k2nlkeZ).
e COSX=—1x=n+k2nlkeZ).
» Vi du 5. Giai cac phuong trinh sau:
3
a) GGSI’='~%; b) cos x =0,1. COSU =cosV & u =+v + k2n(k € Z).
Giai
a) msx=—?3@cﬂsx=cﬂ556—n@x=i%+k2¢: (keZ).

b) Goi a €[0; ] Ia géc thoa man cosa = 0,1. Khi d6 ta co:

cosx=0,1<cosx=cosa < x=+ta+k2n (keZ).
9 Vi du 6. Gidi phwong trinh cos2x = cos(45° — x).
Giai
2x =45° — x + k360°

cos2x = cos(45° — x) = -
2x=—(45° - x)+ k360°

3x=45° +k360° | x=15° + k120°
= < (k € Z).
| x=-45° + k360° | x =-45° + k360°

) Luyén tap 3. Giai cac phuwong trinh sau: a) 2cosx = —J2:  b) cos3x —sin5x =0.

» Vin dung

Khi M&t Trang quay quanh Trai Dat, mat dbi dién voi Trai Dat thwong chi dwoc Mat Troi chiéu
sang mét phan. Cac pha cia Mat Trang mé ta mirc dd phan bé mat ctia ndé duwoc Mat Troi
chiéu sang. Khi géc gilra Mét Troi, Trai Dat va Mat Trang l1a o (0° < o <360°) thi ti & F cla
phan Mat Trang duwoc chieu sang cho béi cong thirc

1
F=—(1-cosa).
_(1-cosa)

(Theo usno.navy.mil),



Xac dinh goc a tvong rng voi cac pha sau cua Mat Trang:
a) F =0 (trang moi);

b) F = 0,25 (trang Iw&i li&m): e L LT

c) F=0,5 (tréng bén nguyét dau thang hoac / Mat W;Hi?i
trang ban nguyét cudi thang); " Trai DAt :,-

d) F =1 (trang tron).

.....

4.PHUONG TRINH tan x=m
) uoa. Nhan biét cong thirc nghiém ctia phwong trinh tan x =1
a) Quan sat Hinh 1.24, hay cho biét dwéng thang y = 1 cat d6 thj ham sé y = tan x tai may

T T

diém c6 hoanh d6 trong khoang ('E' E)‘

y =tanx

et

H.Jlm
e e B e e o e i
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Hinh 1.24. Budng thdng y = 1 va db thi ham s6 y = tan x

b) Dwa vao tinh tuadn hoan ctia ham sé tang, hay viét cong thirc nghiém cta phuwong trinh
da cho.

i - i 3 A
« Phuwong trinh tan x = m c6 nghiém v&i moi m.

« V& moi m e R, ton tai duy nhat o e [ag; -125] thoa man tana = m. Khi d@é

tanx=me tanx=tana < xX=a+kn (K€ Z). |
%

Chi y. Néu sé do clia géc o dwoc cho bang don vi db thi
tanx =tana® < x=a® + k180° (k cZ).

') Vi du 7. Gidi cac phuong trinh sau:  a) tan x = —/3: b) tan x = 2.
Giai
a) tanx = - 3¢>tanx=tan(—§}¢:>x=—%+kn(kEZ).

b) Goi o e [—g; %] la gb¢c thod man tan o = 2. Khi dé ta cé:

tanx=2<tanx=tana < x=a+knlke?Z).

') Luyén tdp 4. Gidi cac phuong trinh sau:  a) /3tan2x = —1; b) tan3x +tan5x =0.

B



5.PHUONG TRINH cot x=m

) 105, Nhan biét cdng thirc nghiém cua phwong trinh cot x = —1

a) Quan sat Hinh 1.25, hdy cho biet dwong thang y = -1 cat 6 thi ham so y = cot x tai may
diém cé hoanh @6 trong khoang (0;x).

B T I ]

U I R E TR

O O O O e S S S e e S O e e e e O e S - S o
-

OO e S e S S e S S O S e S e S e S S S S 8

I I

Hinh 1.25. Buong thdng vy = -1 va do thi ham s6 y = cot x

b) Dwa vao tinh tuén hoan ctia ham sé cotang, hay viét cong thirc nghiém ctia phwong trinh
da cho.

i ™
« Phwong trinh cot x = m co nghiém v&i moi m.

» V&imoi m e R, ton tai duy nhat o < (0;7) thod man coto. = m. Khi dé

cotx=mo cotx=cota = x=a+kn (k).
\ | J

Cha . Néu sb do goc a duoc cho bang don vi d6 thi

cotx=cota’ < x=a° +k180° (keZ).

') Vidu 8. Giai cac phuong trinh sau: cotl = cotv < U = v+ kn (k € Z).

a) cotx =—/3 ; b) cotx=5.
Giai

a) Gﬂtx=—J§¢:=CDtX=GDt(—%]¢>}(=—%+RH (keZ).

b) Goi o &(0;n) la géc thoa mén cota = 5. Khi d6 ta cé:

cotx=5<=cotx=cotao=x=a+knlke?Z).

D luyén tip 5. Giai cac phwong trinh sau: a) cotx =1 b) J3cotx +1=0.




6.SU DUNG MAY TiNH CAM TAY TiM MOT GOC KHI BIET GIA TRI
LUO'NG GIAC CUANO

Céc phim (sin™"), (cos™) va (tan™") cia may tinh cam tay dwoc ding dé tim s6 do (d6 hoéc
radian) cua moét goc khi biét moét trong cac gia tri lwong giac cda no.

' Dé tim 6 do ta thwe hién cac buéc sau:
Buoc 1. Chon don vi do goc (d6 hoac radian).

Mudn tim s6 do d6 (dong trén cung cia man hinh xuat hién chir nhé D), ta an
SHIFT) [MODE) (3
Muén tim s6 do radian (dong trén cung clia man hinh xuat hién chir nhé R), ta an

SHIFT) HODE] | 4

Buée 2. Tim sb6 do goc.

Khi biét sin, cosin hay tang cla goc « can tim bang m, ta 1an lwot 4n cac phim va
mot trong cac phim [sin], [cos] va [tan], roi nhap gia tri lwong giac m va cudi cung an phim
=]. Luc nay trén man hinh cho két qua la s6 do cua goc o (dd hoac radian).

. _ 7

Chuy
+ Khi & ché dd radian, cac phim (sin™"), (tan'), cho két qua Ia mét sé thudc khoang

2"2
(cos™) thi Iml<1.

+ Khi & ché dd s6 do dd, cac phim (sin™') va (tan™') cho két qua la s6 do goc o tir —90°
dén 90°, phim (cos™) cho két qua la sé do goc o tlr 0° dén 180°, véi (sin-') va (cos™)
thi lm| <1.

«  Khi c6 két qua (trwong hop chon don vi do d0), an phim [»» thi dwa két qua vé dang
dé - phut - giay.

[ % “], phim (cos™') cho két qua |a mét sé thudc khoang (0; =), tat nhién véi (sin™) va

) Vidu 9. Str dung may tinh cam tay, tim s6 do d6 va radian clua goc «, biét sina = 0,58.

Giai

S6 do dd:

sina Bam phim Man hinh hién | Két qua clia o (gan ding)
0,58 | |sHiFT) [WODE) (3 ] [sHIFT] [sin) (O [+ ] (5] (8] (=] [+») | 35.45054264 3520 2"
S6 do radian:

sina Bam phim Man hinh hién | Két qua cla o (gan dung)
0,58 | |sHIFT) [MODE| | 4 ] [sHIFT) [sin) (O] L+ ] (5] (B8] [= 0.6187286907 061873

) Luyén tip 6. Sir dung may tinh cam tay, tim sé do d6 va radian cutia goc o, biét:

a) cosa =-0,75, b) tana = 2,46; c) cota =-6,18.



BAITAP
1.19. Giai cac phuwong trinh sau:

V3

a) sinx:—z—; b) 2cos x =—«/§;
c)ﬁtan[%ﬂﬁ“]:‘l: d) cut(2x-1)=cut%.
1.20. Gidi cac phwong trinh sau: a) sin2x +cosd4x =0; b) cos3x = —-cos7Xx.

1.21. M6t qua dan phao duoc ban ra khéi nong phao véi van toc ban dau v, = 500 m/s
hop v&i phwong ngang moét goc a. Trong Vat |i, ta biét rang, néu bd qua sirc can cla
khéng khi va coi qua dan phao dwoc ban ra tir mat dat thi quy dao cta qua dan tuan theo
phwong trinh y = E_Q 5 x* + xtano, & d6 g = 9,8 m/s® la gia téc trong trrong.

2V Cos” a

a) Tinh theo goc ban o tam xa ma qua dan dat tdi (tirc 1a khoang céach tilr vi tri ban dén
diém cham dat cua qua dan).
b) Tim géc ban o d& qua dan tring muc tiéu cach vi tri @3t khau phao 22 000 m.

1.22. Gia stir mét vat dao déng dieu hoa xung quanh vi tri can bang theo phwong trinh

X = 2::03(51‘ - E].
\ 6
O day, théi gian t tinh bang gidy va quang dudng x tinh bang centimét. Hay cho biét trong
khoang thoi gian tir 0 dén 6 giay, vat di qua vi tri can bang bao nhiéu l1an.

(f—. Em co biét?

Luwong giac duwoc phat trién bdi cac nha thién van hoc nguwdi Hy Lap ¢d dai, nhirng
ngudi coi bau troi 1a nam bén trong cua moét méat cau, do do & tw nhién la cac hinh
tam giac trén mat cau duoc nghién ciru kha sém bdi Menelaus & Alexandria vao
khoang nam 100 sau Céng nguyén va cac hinh tam giac trén mat phang dwoc nghién
ctru mudn hon nhiéu. Cudn sach dau tién chira dwng cac phuong phap x li cé hé
théng vé lwong giac phang va lwong giac cau duoc viét boi nha thién van hoc ngudi
Ba Tw Nasir Eddin, khoang nam 1250 sau Céng nguyén.

Regiomontanus (1436 — 1476) la nguoi co cong lén trong viéc chuyén Lwong giac tir
Thién van hoc sang Toan hoc. Coéng trinh clia 6ng da dwoc cai tién bdi Copernicus
(1473 — 1543) va mot hoc tro cla Copernicus la Rhaeticus (1514 — 1576). Cubn sach
cuia Rhaeticus la cuén sach dau tién dinh nghia cac ham lwong giac la ti s6 cac canh
cua tam giac, mac du 6ng chwa dwa ra tén goi nhw hién nay cua chung. Cac tén goi va
ki hiéu nhw ngay nay chung ta dung dwoc dwa ra béi Leonhard Euler (1707 — 1783),
nguwoi da xay dung li thuyét hién dai vé cac ham sé lwong giac trong cudn “Mé& dau
vé gidi tich cac dai lwong vé cung bé” xuat ban nam 1748.

Lwong giac 1a nganh khoa hoc ¢6 nhiéu rng dung. C6 thé ké dén viéc sir dung
Lwong giac trong cac van dé do dac cua Thién van va Dia li, cling nhw nhirng (rng
dung phong phu cia Lwong giac trong Li thuyét sé, Co hoc, Pién hoc, Hoa hoc,
Sinh hoc, Hai dwong hoc, D6 hoa may tinh, Li thuyét am nhac va nhiéu linh vuec khac.

(Theo C.B. Boyer, U.C. Merzbach, A History of Mathematics, Third Edition, Wiley, 2017).
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