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HUGNG DAN SU DUNG SACH

1. Méi bai hoc déu duworc thiét ké theo cau tric gbm nhirng phan sau day.
Thuét ngir: Diém tén cac dbi twong chinh cda bai hoc.

Kién thive, ki nang: Giip em xac dinh nhirng néi dung kién thirc, ki ndng chinh can linh
hdi va ren luyén trong bai hoc.

V& dau: Pua ra tinh hudng lam nay sinh nhu cau hoc tap: né cé thé 1a mét bai toan thuc
té dai dién, hay la mét doan dan nhap. Em khéng can trd 1&i ngay cac cau héi hay yéu cau
dwoc dat ra & phan nay, ma sé giai quyét chung trong bai hoc, sau khi da linh héi dwoc
lwong tri thire va ki néng can thiét

Muc kién thirc: Sau phan mé dau, bai hoc dwoc chia thanh cac muc theo tirng chi dé.
Nhin chung, méi don vi kién thirc cé cau tric sau day:

Hinh thanh kién thitc: Em can tich cuc tham gia vao cac hoat dong (H®) dé chiém linh
tri thirc. Cac W@ nay cho em co hoi quan sat va trai nghiém, tinh toan va lap luan dé

di 16 [ khung kién thirc | mot cach tu nhién.

Vi duz: Em co thé hoc & day phwong phap, cach Iap luan va tinh toan, cach trinh bay
I&1 giai bai toan.

Luyén t3p: vén_ duﬁng kién thirc d4a hoc, tham khao vi du twong (rng, em hay luyén
tap dé cing co kién thirc va rén luyén ki nang.

Vin dung: Trén nen tang kien thirc va ki nang da dwoc hoc, em gidi quyet céac
bai toan gan voi thuc té, két noi tri thirc vOi cac linh vwre khac nhau trong hoc tap,
khoa hoc va cubc sbéng.

Em c6 thé bat gdp mdt khung chir  nham hé tro hodc binh luan,... cho ndi dung twong

(’ng duwoc dé cap & bén canh.

Ngoai bon thanh phan co ban & trén, trong mét don vi kién thwc em con co thé c6 co hdi
tham gia vao Kham pha, Trai nghiém, Thao luén, tra 10i g m& rong hiéu biét clng
Em co6 biét?,...

Bai tip: Em cha ddng thuc hién ngoai gio trén 16p, tuy vay, thay, cd gido sé& danh
thdi lwong nhét dinh dé cung em diém qua cac bai tap nay.

2. Cac bang tra clru va gidi thich thuat ngir (dwoc dat & cudi sach) cung cap dia chi tra ciru
va gidi thich mét sé khai niém, céng thirc dwoc phat biéu trong sach.

Hay bdo qudn, giir gin sdch gido khoa dé danh tdng
cdac em hoc sinh lop sau!
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VA TiCH PHAN
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Chwong nay trinh bay khai niém, tinh chat co ban cua nguyén ham va tich phan cling nhw
(’ng dung tich phan dé tinh dién tich hinh phang va thé tich vat thé.

THUAT NGU . KIEN THUC, Ki NANG

+  Nguyén ham « Nhan biét khai niém nguyén ham ctia mét ham s0.

+ Ho cac nguyén ham + Giai thich mot s6 tinh chat ctiia nguyén ham.

+ Bang nguyén ham « Tim nguyén ham ctia mot s6 ham so so cap thwdng gap.

Mot may bay di chuyén ra dén dwong bang va bat dau chay
da dé cét canh. Gia sl van téc clia may bay khi chay da
dwoc cho boi v(t) =5+ 3t (m/s), v6i t la théi gian (tinh bang
gidy) ké tir khi may bay bat dau chay da. Sau 30 giay thi may
bay cat canh r&i dwdng bang. Quang duwdng may bay da di
chuyén tir khi bat dau chay da dén khi roi dwong bang 1a bao
nhiéu met?

Ta can tim quang duong S(f) ma may bay di chuyén duoc
sau f giay ké tur Iuc bat dau chay da. Tir y nghia co hoc cua
dao ham, ta biét rang S'(t) = v(t). Nhu vay, ta can tim mét
ham s6 cé dao ham bang ham so v(t) da cho. Bai toan nay
dan den mét khai niém quan trong trong Toan hoc, d6 la
khai niém nguyén ham.

Hinh 4.1

1. NGUYEN HAM CUA MOT HAM SO
) 191, Nhan biét khai niém nguyén ham
Cho hai ham s6 f(x)=x" +1va F(x) =%:«f3 +x, vOi xeR

a) Tinh dao ham ctia ham s6 F(x).
b) Néu nhan xét vé moi quan hé gitra F'(x) va f(x).



o
Cho ham sb f(x) xac dinh trén mét khoang K (hodc mét doan, hodc mét nira khoang).
Ham sé F(x) dwoc goi la mét nguyén ham ctia ham sé f(x) trén Knéu F'(x) =f(x) voi
moi x thuédc K.

L r

Chi y. Trwong hop K =[a;b] thi cac dang thire F'(a)=f(a) va F'(b)=f(b) dwoc hiéu la
dao ham bén phai tai diém x = a va dao ham bén trai tai diém x = b cila ham sb F(x), tirc 12
F(x)-F(a F(x)-F(b

=f(a) va lim
x=a"  X-—a X—sbr X-b

) Vidy 1. Cho ham sb f(x)=x*-2x. Trong cac ham s6 cho dwéi day, ham sb nao la mét
nguyén ham cla ham s6 f(x) trén R?
X X
F(x)=—-x% G(x)=—+x°.
()=%-x Gx)=%
Giai
Tacé: F'(x)=x*-2x, G'(x)=x"+2x.
Vi F'(x)=f(x) voimoi x e R nén ham s6 F(x) la mét nguyén ham cla f(x) trén R.
Ham s6 G(x) khong la nguyén ham cta f(x) trén R vi voi x = 1, ta co
G'(1)=3=-1=f(1).

) Luyén tip 1. Ham sO ndo dudi day la mot nguyén ham cta ham so f(x) = x + T tren khodng
X
(0; +0)?

F(.h:'):l,w2 +Inx; G{x):x—z—lnx.
T2 | 2

) #92. Nhén biét ho nguyén ham cua mét ham sé

Cho ham s6 f(x) = x".
A
a) Chirng minh rang ham sé F(x) = XT la mot nguyén ham clia ham s6 f (x) trén R.
4

b) Ham so G(x)z’%JrC (v&i C la hang so) c6 la mét nguyén ham cua ham so f(x)

tren R khong? Vi sao?

Gia sir ham s6 F(x) la mét nguyén ham cla f(x) trén K. Khi do:
a) Voi mdi hang s6 C, ham s6 F(x)+C ciing la mét nguyén ham cua f(x) trén K;
b) Néu ham s6 G(x) la mét nguyén ham clia f(x) trén K thi ton tai mot hang s6 C sao

cho G(x)=F(x)+C v&imoi x e K.

Nhw vay, néu F(x) la mét nguyén ham cta f(x) trén K thi moi nguyén ham cda f(x)
trén K déu cé dang F(x)+C (Clahang so). Ta goi F(x)+C(C e IR) 1a ho cac nguyén ham
ctia f(x) trén K, ki hiéu b jf(x}dx.




Chuy
a) Dé tim ho cac nguyén ham (goi tat 1a tim nguyén ham) ctia ham sé f(x) trén K, ta chi can
tim mét nguyén ham F(x) cta f(x) trén K va khi do

If(x)dX=F(X)+C, C la hang sb. Tinh

dao ham

b) Nguwoi ta chirng minh dwoc rang, néu ham so6 f(x) lién tuc
trén khodng K thi f(x) cé nguyén ham trén khoang dé.

c) Biéu thirc f(x)dx goi la vi phan cta nguyén ham F(x),
ki hiéu la dF (x). Vay dF (x)=F'(x)dx =f(x)dx. :
. Hinh 4.2. Mbi quan hé giira
d) Khi tim nguyén ham cua mét ham so ma khéng chi rd tap K, dao ham va nguyén ham

ta hiéu Ia tim nguyén ham ctia ham so do trén tap xac dinh
cua no.

Tim
nguyén ham

) Vidy2. Tim mét nguyén ham clia ham sé f(x) = x* trén R. Tir d6 hay tim Ifdx.
Giai

o I 5 ax: . E S
Vi = :T:x nén F{x):?!amétnguyenham ctia ham so f(x) trén R.

1
wd

Do d6. Ifdx » % G

» tuyéntip 2. Tim J‘x:‘dx.

2. TINH CHAT CO BAN CUA NGUYEN HAM

) #92. Kham pha nguyén ham cua tich mét ham sé v&i mét hang s6 khac 0

Cho f(x) 1a ham s lién tuc trén K, k 1a mét hang so6 khac 0. Gia siv F (x ) 1a mbt nguyén ham
clia f(x) trén K.

a) Chirng minh kF (x) la mét nguyén ham ctia ham so kf (x) trén K
b) Néu nhan xét vé ka(x)dx va kjf(x)dx.

[ ka(x)dx:kjf(x)dx (k 0). }

Y Vidu 3. St dung két qua cua Vi du 2, hay tim:

a) Jax?ux; b) j—%xfdx.
Giai
Ta co: :
a) Jsx?dx=3jx?dx=3-%+0=x3+C.

3 3 3 X3 1
b I—-—x"dx:—--[x*?dx:— .—+C=-=x"+C.
) )73 2 23 2" 7



) tuyén tdp 3. Cho ham sé f(x) = x" (n e N*).
n+1

a) Chirng minh rang ham s6 F(x)= j :
+
.[x”dx.

b) Tir két qua cau a, tim jkx”dx (k 1a hang s6 khac 0).

la mét nguyén ham cta ham s6 f(x). T d6 tim

) o4, Kham pha nguyén ham cua mét téng

Cho f(x) va g(x) la hai ham so lién tuc trén K. Gia st F(x) la mot nguyén ham cula f(x) trén K,
G(x) la mét nguyén ham cua g(x)trén K.

a) Chirng minh F(x)+G(x) la mét nguyén ham ctia ham s6 f(x)+g(x) trén K.
b) Néu nhan xét vé I[f(x) +g(x)]dx va If(x)dx b Ig(x)dx.

( | I:”}fhg(ﬂ]dx:.[f(x)dx+_[g(x)dx_W
\ | J‘:f(x)_g{xﬂdx:If(x-)dx_jg(x)dx_ |

- EEEN

) Vi du 4. St dung két qua clua Luyén tap 3 va tinh chat co ban cta nguyén ham, hay tim:
a) I(xz +x)dx; b) I(4x3 ~3x%)dx.
Giai
Ta co:
- y ) x.’i xE‘
a) (x‘ + x)dx = Ix-dx + jxdx =—+—+C.
3 2

-

b) (41’3 —sz)dx - 4J.x3r.:.‘x —3jx2dx = g

P luyéntipa. Tim:
a) [(3x* +1)dx b) [(2x—1)" ax

) Vi du 5. Giai bai toan trong tinh huéng mé dau.
Giai
Goi S(t) (0<t<30) la quang duwong may bay di chuyén dwoc sau t gidy ké tir Iic bat Gau
chay da.
Tacé v(t)=S'(t). Do dé, S(t) 1a mét nguyén ham ctia ham sé van téc v(t). St dung tinh
chat clia nguyén ham ta duoc
S(r)z_[v(t)dr :j'(5+ 3t) dt =5Idt+ 3Imr - 5t +%F wif

Theo gié thiét, S(0)=0 nén C = 0 va ta duoc S(t) = grﬁ + 5t (m).

May bay r&i dwong bang khi t =30 (giay) nén S = S(SG) =%-3D3 +5-30=1 500 (m).

Vay quang dwong may bay da di chuyén tir khi bat dau chay da dén khi né roi duwong bang
a S=1500 m.



1 Vin dung. Doanh thu ban hang ctia mét cong ty khi ban mét loai san pham la sé tién R(x)
(triéu déng) thu dworc khi x don vi sén pham dwoc ban ra. Téc dd bién ddng (thay dbi) cua
doanh thu khi x don vi san pham da dwoc ban 1a ham sé M, (x)=R'(x). M6t cong ty cong
nghé cho biét toc d6 bién ddng cla doanh thu khi ban mét loai con chip cta hang dwoc cho
b&i M, (x)=300-0,1x, & d6 x la so lwong chip da ban. Tim doanh thu cla cong ty khi da
ban 1 000 con chip.

Huéng dan: Vi R'(x) =M, (x) nén doanh thu R(x) 1a mét nguyén ham cua M, (x).

3. NGUYEN HAM CUA MOT SO HAM SO THUONG GAP

a) Nguyén ham cua ham so lug thira

Ham sé y = x*, v&i a € R, dwoc goi la ham sé luy thia.

Tap xac dinh cta ham s6 luy thira y = x“ tuy thudc vao gia tri cta o. Cu thé:
— V&i a nguyén duong, tap xac dinh |la R;

— V&i a nguyén am hoac bang 0, tap xac dinh 1a R \ {04,

— V01 a khong nguyeéen, tap xac dinh la (0; +x).

O 16p 11, ta da biét dao ham cta cac ham sbé y=x" (n « N*) va y = vJx 1a;

(x")

(VX

4

:n‘xn 1;
1 4 1 11
xﬂ?) :Ex? (x >0).

- L hay [
24x

Téng quat, nguoi ta chirng minh dwoc

—

.

ST
Ham s6 luy thira y = x" (. € R) ¢6 dao ham v&i moi x >0 va

(x* ) =px’ .

e

W1
ﬂ Bang cach viét lai cac ham sé sau duéi dang ham s6é Iuy thira y = x”(x > 0), hdy tinh dao

hamcuacachamsdsauvoi x>0: y=—, y=x"";, ¥y =
X

2 uos. Kham pha nguyén ham

a) V&i o = —1, tinh dao ham clia ham s6 y =

g
cua ham sé luy thira

Xnﬂ
0).
u+1(x} )

b) Cho ham s6 y =In|x| (x #0). Tinh dao ham cGa ham s6 nay trong hai trwong hop: x >0

va x < 0.

Tl két qua cla HDS5, ta cd

.

LY

a1

. jx“dx= a

a+1

+C (a = —1).

. Ildx = ln|x| + O
X

P Vidué6. Tim:

a) J.\de (x >0);

R s 3
b) Ix—ﬂdx. C) j(zx +ﬁ]dx.



Giai
El‘t g
a) J.-J_dx J.de—x +C:§ 2 C-—%x x +C.

1+‘1
/)
1 " 1 1
b J.-—--dx=jx'3d}f= C=—=¥" +C——-—-- )
) 153 3+1 C 2 2%

c)ﬂzx + )dx I2x?dx+IJ_dx zj de+3de}{— x* + 63X + C.

» Luyéntip 5. Tim:

a) I;'Ig—dx; b) |x/xdx (x > 0); ::)J.(%—Sﬁ)dx(x}ﬂ).

b) Nguyén ham cta ham sé lwong gidc
) 1#96. Kham pha nguyén ham cua ham sé lwong giac

a) Tinh dao ham clia cac ham s6 sau va néu két qua tirong (rng vao bang dudi day.

F(X) sin x COs X tan x cot x

F'(x) ? ? ? ?

b) S&r dung két qua & cau a, tim nguyén ham cia cac ham s6 cho trong bang dwdi day.

. 1 1
CoS X sin x :
F(x) cos’ x sin” x
JF(xyax ? ? ? ?
Tl két qua ctia HD8, ta cd
= ..
. jcnsxdx=5inx +C; . Isinxdx:-cnsx+c;

-j 12 dx =tanx +C; -I ,12 dx = —cotx +C.

COs” X sin” x
\, r
P Viduz. Tim:
a) I(cnsx+sinx)dx; b) I[2msx— 12 ]dx.
COSs” X
Giai

a) J(cnsx +sin x )dx :J-DDS xdx + jsin xdx =sinx —cosx +C.

b) I[zmsxu 12 ]dx:EIcnsxdx—I 12 dx =2sinx —tanx + C.
COS” X COS” X

D Luyéntip 6. Tim:

a) I(3c05x~4sinx)dx; b) I( 12 - _12 )dx.
cos” X sin” x




c) Nguyén ham cta ham sé mi
) wo7. Kham pha nguyén ham cua ham sé mi
a) Tinh dao ham clia cac ham sé sau va néu két qua twong (rng vao bang duéi day.

F(x) e’ In:a (O<a#1)
F'(x) ? ?
b) S&r dung két qua & cau a, tim nguyén ham cda cac ham so cho trong bang duéi day.
f(x) eX a (0<a#1)
If(x)dx ? ?
Tur két qua clha HD7, ta co
' 3

. je”dx =" + (.

4

a

-Ia“d)fz +C (0<a=1).
Ina |

g J
i) Vidus. Tim:

a) J'?_*'clx; b) J'El-dx; c) J'(ze*’ -5")dx

Giai

a) J' Pt 10

n2

11"'
X [_
b) Iidx:I(lJ dx = 9 +C =— ! =62
3" 3 ||’11 3'In3
3

C) I(Ee” — 5"')dx =2]e‘dx - J.E”dx =2e" - I55
N

X

+ C.

)» luyéntip 7. Tim:
a) J-4‘ dx; b) J‘ixdx; c) _[[2-3” —1~?r)dx.
e 3

Ta tong két lai bang nguyén ham clia mét sé ham sé thwdéng gap nhu sau:

judx=c I1dx=x+C
r xu+1 1
Ix‘dxz +C (o #-1) I—dx=|n|x|+c
o+ %
jﬂ'ldx=ﬁ" +C Ia"‘dx= S 40 (0<a=#1)
Ina
Icusxdx=sinx+c Isinxdx=-cnsx+0
j s—dx =tanx +C I _12 dx =-cotx +C
cos” x sin® x




Dwa vao bang nguyén ham cla cac ham sé thuwong gap va tinh chéat co ban cta nguyén
ham, ta c6 thé tim duwoc nguyén ham cda nhiéu ham sé khac.

BAI TAP

4.1.

4.2

4.3.

4.4.

4.6.

4.1.

Trong méi tredng hop sau, ham s6 F(x) cé la mét nguyén ham ctia ham s6 f(x) trén
khoang twong (rng khong? Vi sao?

a) F(x)=xInx vaf(x)=1+Inx trén khoang (0; + «);
b) F(x)=e"" vaf(x)=e"*"trén R.

Tim nguyé&n ham cua cac ham sé sau:

a) f(x)=3x"+2x -1 b) f(x)=x°-x; 2
c) f(x)=(2x+1)2; d) f(x)=[2x—%} .
Tim:
a) I[S\E+Lde; b)J.\E[?x?—S]dx (x >0);
Ux

(2x+1)° [ S
c:)j " dx; d) I .2 +Fde.
Tim:

3 ; e R

a) j[2cusx— sinijdx' b) I4sm23dx1

W x ) |
c) I[SinE—GGEEJ dx; d) J.(:&:'+tan2 x | dx.

Cho ham s6 y = f(x) xac dinh trén khoang (0; +x). Biét rang, f'(x) = 2x +iE vOi MO
X

x & (0; +o0) va f(1)=1. Tinh gi4 tri f(4).

Cho ham sé y = f(x) c6 db thi 1a (C). Xét diem M (x; f(x)) thay d6i trén (C). Biét rang,

hé s6 goc cla tiép tuyén cia d6 thi (C) tai M la k,, = (x —1)" va diém M tring véi géc

toa d6 khi né nam trén truc tung. Tim biéu thire f(x).

Mot vién dan duoc ban thang dirng |€n trén tir mat dat. Gia sir tai thoi diém ¢ giay
(coi t=0 la thoi diém vién dan dwoc ban lén), van tdéc clia ndé dwoc cho bdi
v(t)=160-9,8t (m/s). Tim d6 cao clia vién dan (tinh tir mat dat):

a) Sau { =95 giay;

b) Khi n6 dat d cao I&n nhat (Iam tron két qua dén chir s6 thap phan thir nhat cia mét).



FicH PHAN <<<

THUAT NGU | KIEN THUC, Ki NANG
Tich phan + Nhan biét dinh nghia va cac tinh chét cta tich phan.
Can tich phéan « Tinh tich phan trong nhi*rng trirdng ho'p don gian.
«  Hamsd dwdi dautich phan - \re;an ?gng tich phan dé giai mot s6 bai toan lién quan dén
. thuctien.

Mét & t6 dang chay v&i van toc 20 m/s thi ngudi lai dap
phanh. Sau khi dap phanh, 6 té chuyén ddng cham dan déu
v&i van tée v (t) = 40t + 20 (m/s), trong d6 t1a thoi gian tinh
bang giay ké tir lic dap phanh. Hai tir Iic dap phanh dén khi
dirng han, 6 té con di chuyén bao nhiéu mét?

[ 1. KHAI NIEM TiCH PHAN hﬂ-

a) Dién tich hinh thang cong
Hinh thang cong

Hinh phang giéi han béi @b thi y = f(x), truc hoanh va hai duwéng thang x = a, x = b (a < b),
trong d6 f{x) la ham lién tuc khéng am trén doan [a; b], goi la mét hinh thang cong.

J) Vi du1. Nhirng hinh phang duwoc t6 mau dwéi day cé phai la hinh thang cong khéng?

Hinh 4.3

Giai
Hinh 4.3a I3 hinh thang cong gi¢i han béi db thi y = x>, truc hoanh va hai dwéng thang
X =1 Xx=2.

Hinh 4.3b Ia hinh thang cong gi&i han bdi @6 thi y = x°, truc hoanh va hai dwéng thang
X=0. =1

W N oy
SO Y
G /7



» 101, Dién tich cua hinh thang

V4 "'/
» . g % s e . 2 5 _,-"i"-
Ki hieu T la hinh thang vudng gioi han boi dwdng thang 4
y=x+1,truchoanhva hai dwdngthangx=1,x=t (1<t < 4) 41
(H.4.4). 3
a) Tinh dién tich S cua T khi {= 4. 2
S
b) Tinh dién tich S(f) ctia T khi t e[t 4]. 1 ® f
¢) Chirng minh rang S(f) 1a mét nguyén ham ctia ham s6 10 1 2'3 4 5 6X

fify=t+1,t e[t 4] va diéntich S = S(4) - S(1). Hinh 4.4

J o2, Dién tich cua hinh thang cong

Xét hinh thang cong gi¢i han b&i d6 thi y = x°, truc hoanh va hai dwéng thang x = 1, x = 2.
Ta mudn tinh dién tich S cla hinh thang cong nay.

a) V&i méi x |1, 2], goi S(x) Ia dién tich phan hinh thang cong
da cho nam gilra hai dwdng thang vudng goéc voi truc Ox tai
diém c6 hoanh dé bang 1 va x (H.4.5).

Cho h>0saocho x + h <2. So sanh hiéu S(x + h) — S(x) vo&i
dién tich hai hinh chi* nhat MNPQ va MNEF (H.4.6). Tir do
suy ra

S(x+h)-S |
o< SRS SUINEIES. « nl

> 3
b) Cho h < 0 sao cho x + h > 1. Twong tw phan a, danh gia hiéu X
S(x) — S(x + h) vatlr do suy ra
, S(x+h)-S(x
2xh+ h* < ( }3 ( )—J{EEO.
. : . X
c) Tur két qua phan a va phan b, suy ra véi moi h =0, ta cd
S(x+h)-S )
(X+1) =500 _ 2l < o)+ 2.
h
Tw @6 chirng minh S'(x) = x*, x €(1; 2).
Nguwoi ta chirng minh duoc S'(1) =1, S'(2) =4, ticla S(x)
la mét nguyén ham cua x* trén [1 2].
3
d) Tl ket qua cta phan c, ta cé S(x)= %JFC. St dung diéu >
X
nay voi lbu y S(1)=0 va dién tich can tinh S=3S(2), hay x+h
tinh S. Hinh 4.6

Goi F(x) la mét nguyén ham tuy y clia f (x) = x* trén [1, 2]. Hay so sanh Sva F(2)-F (1).
Téng quat, ta co:



> M
Neu ham so f(x) lién tuc va khéng am trén doan i y= f(x)
[a; b], thi dién tich S cua hinh thang cong gidi han
b&i dé thi y = f(x), truc hoanh va hai dwdng thang N
x=a,x=blaS=F(b)-F(a),trong d6 F(x) |a mét
nguyén ham cla ham sé f(x) trén doan [a; b].
4 B .
O a3 b X
Hinh 4.7
) Vidu 2. Tinh dién tich S ctia hinh thang cong gi¢i han béi do thi %‘f---- y=x°

) #93. Nhén biét khai niém tich phan

hamsé y = f(x) = x°, truchoanhvahai dwongthang x =1, x = 2.
Giai (H.4.8)
4

Mot nguyén ham cla ham sé f(x)= x> 1a F(x)= ’%

Do d0o, dién tich cia hinh thang cong can tinh 1a

4 4 S
S:F(.?)-F(ﬂ:i-L:f. A
o1 2 X
b) Dinh nghia tich phén Hinh 4.8

Chu y G(x) = F(x) + C,
Gia st f(x) la ham s lién tuc trén doan [a; b], F(x) va € la hang so.
G(x) la hai nguyén ham tuy y cua f(x) trén doan [a; b].

Chirng minh rang F(b)-F(a)=G(b)-G(a).

T @0, ta cé dinh nghia sau:

" Cho f(x) 13 ham sé lién tuc trén doan [a: b]. Néu F(x) 1a mét nguyén ham caa ham sé f(x) |

trén doan [a; b] thi hiéu s6 F(b) — F(a) dwoc goi la tich phan tir a dén b cla ham sb f(x),

b
ki hiéu Ia I f(x)dx.
=]

% .

Chuay
a) Hiéu F(b) - F(a) thwong duwoc ki hiéu la F(x)

b
a-.

) Tich phan khéng phu thudc vao
Nhuw vay cach ki hiéu bién:

a jtf{x)dx:jlf(t)dr:jf(u}du.

b
b) Ta goi I la dau tich phan, a la can dudi, b |a can trén,

fix)dx |a biéu thirc dudi dau tich phén va f(x) |a ham sé
duwdi dau tich phan.

c) Trong trwong hop a = b hoac a > b, ta quy woc:

jif(x)dx =0; if(x)dx = —if(x)dx.



» Vidu 3. Tinh:

3 : -
v 3 / du . X
a) Ix dx: b)jcusrdr, G)jcus?u’ d) jz dx.
-1 0 0 1
Giai H
0 Sl 28 E ; 1
a) Ixzdxz— =—[:3f;3 —(—1)3]:—. b)Icustdr:sinr 5~ sin~—sin0=—
35 3 | 3 ) a 6 2
: E 2P 22 2 2
J dy_ —tanu“—tan——tanﬁ 1-0=1. d) IZ”dx: e
) S° 4 In2]' In2 In2 In2
» Luyén tip 1. Tinh: i l
1 ) 1 2 2 q
a) Ie“dx; b) I—dx; o) Isinxdx; d) J' 9%
X sin? x
0 1 0 K
Tl Khung kién thirc & muc a va dinh nghia tich phan, ta cé
: A
Y nghia hinh hoc cua tich phan: g y = fix) &
Néu ham s6 f{(x) lién tuc va khéng &m trén doan [a; b], thi -
S
tich phan J.f (x)dx la dién tich S cua hinh thang cong gici
han b&i d6 thi y = f(x), truc hoanh va hai dwdng thangx=a, o] a b
x=b(H.4.9). Vay g Hinh 4.9
S= _.- f(x)dx.
a
» Vidu 4. Sr dung y nghia hinh hoc cua tich phén, tinh: X
1 1
a) I(x+1)dx; b) I\h—x"dx. |
1

Giai
a) Tich phan cén tinh la dién tich cla hinh thang vuéng

OABC, co day nho OC =1, day lon AB = 2 va dwong cao

OA =1 (H.4.10). Do do:

1 "
1 3 Hinh 4.10

I(x +1)dx = Spuac ;E(OC + AB)-OA =-;-(1+ 2)-1 .

= W

O

0



b) Ta c6 y =v1- x* 1a phwong trinh nira phia trén truc

hoanh clia dwéng tron tam tai gbc toa A6 O va ban 1l s e
kinh 1. Do d6, tich phan can tinh |a dién tich nira phia J
trén truc hoanh cua hinh tron twong rng (H.4.11).
: : : e
-2 -1 0 2 X

1
Vay IJ1— X2 dx :%
4

Hinh 4.11
) | Lw,-en tdp 2. S&r dung y nghia hinh hoc cda tlch phan, tinh:
a) I(ZX +1)dx; I\M x“dx. Luuy v(t)=s'(t).

1

D Vin dung 1. Gidi quyét bai toan & tinh hubng mé dau.

2. TINH CHAT CUA TiCH PHAN
) #o4. Nhan biét tinh chat cua tich phan
Tinh va so sanh:
1
a) IZxdx va Zde,t:;
1 y 1
b) I(}:E $ x)dx va jx‘zdx 3 J xdx:

0 ] 0
1 3

3
c) dex va dex + dex.
0

0 1

Tinh chat cua tich phan:

Cho f(x), g(x) la cac ham so lién tuc trén doan [a; b]. Khi do, ta co

f )

1) jkf(x] e = kff(x] dx (kla hang sb);
2) i[f(x)+g(x)]dx=ilf(x)dx+jlg(x)dx

3) i[f(x)—g(x dx = if )dx - Ig(x

4) j'f x)dx = If(x)dx+jf x)dx (a<c<b)




) Vidu5s. Tinh:

4 s 4
a) J.(f' +3J§)dx; b) J.(Ex —2cnsx)dx; c)j(zx __SE_de.
1 0 1 X
Giai
4 4 g
a) j(thJ‘ dx:jxﬂdx+sjfdx_—4+3 o)
1 1 2 1
= (44 =1)+2 47 -1|=255 44 31
4 4 4
: :
b) j(e“—chsx dxz‘[ ”dx—ZIcnsxdx
0 0
—e‘% ESEH}(% [5—1J 2(1-0)=e2 -
\
)H ——)dx IZ’dx 3_[ de_2—4+3%:
1(2* 2”)+3(1—1) Lo
In2 4 In2 4
Y Luyén tap 3. Tinh cac tich phan sau:
2n 2 = 3 s .
a)j(2x+cnsx}dx; b)I[S""——de; ¢) I[ S de.
' 1 X) )\ cos® x sin® x
i
» Vidu 6. Tinh le 2|dx.
Giai
Ta co:
K ', 3 2 3

j|x—2|dx=I|x+2|dx+![X—2\dx:I{_2—x)dx+j(x—2)dx
~[(4-2)-0]+|(3-6)--4)|-2

2
2+(x——2x]
0 Z

3
) Luyén tip 4. Tinh I|2x - 3|dx.

MIU‘I

0
» Van dung 2. Gia tri trung binh cia ham s6 lién tuc f(x) trén doan [a; b] dwoc dinh nghia I3
b

bj—ajf(x]dx.

Gia st nhiét d6 (tinh bang °C) tai thoi diém rglo’ trong khnang thoi gian tw 6 gio sang dén
12 gi® trwa & mot dia phwong vao mét ngay nao dé dwoc mé hinh hoa bdi ham sé

T(t)=20+15(t-6),6<t<12.
Tim nhiét d6 trung binh vao ngay dé trong khoang thoi gian tir 6 gi¢ sang dén 12 gio trua.
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BAI TAP

4.8

4.9.

St&r dung y nghia hinh hoc cua tich phan, tinh:

a) j(Zx +1)dx; b) TJQ—_E dx.
g 5

3 3
Cho [#(x)ax =5 va [g(x)ax =2. Tinh:

a) [[£(x)+9(x)]dx b) [[#(x)-g(x)]dx

c) J.Sf[x)dx: d) I[Ef(x)-- 3g(x) |dx.
4.10. Tinh:

a) I(Bx —‘I)E dx; b) I{1+sin x)dx;

c) J.(e‘?“ + 3x%)dx; d) j[Zx +1dx.

4.11.

4.12.

4.13.

Mot vat chuyén dong doc theo mét dwong thang sao cho van téc clia né tai thoi diém
t (giay) lav(t)=t*—t -6 (m/s).

a) Tim d6 dich chuyén cla vat trong khoang théi gian 1<t < 4, tirc |a tinh Iv(t)dt

b) Tim tdng quang dudng vat di dwoc trong khoang thoi gian 1 < £ < 4, tire 1a tinh

hv(r) dt

Gia st loi nhuan bién (tinh bang trieu déng) cda moét san pham dwoc md hinh hoa
bang cong thirc

P'(x)=-0,0005x +12,2.

O day P(x) la loi nhuan (tinh bang triéu ddng) khi ban dwoc x don vi san pham.
a) Tim su thay ddi clia loi nhuan khi doanh sé tang tir 100 1én 101 don vi san pham.

b) Tim su thay d6i clia loi nhuén khi doanh sé tang tir 100 Ién 110 don vi san pham.

Gid sir van téc v cla dong mau & khoang céach r tir tdm cla déng mach ban kinh R
khéng déi, cé thé dwoc mé hinh hoa bdi cong thire

v:k(R? —r?],

trong d6 k 1a mét hang sé. Tim van téc trung binh (86i véi r cla ddng mach trong
khoang 0 < r <R. So sanh van téc trung binh véi van tdc Ién nhat.



UNG DUNG HINH HOC

CUA TiCH PHAN

THUAT NGU . KIEN THUC, Ki NANG
Hinh phang '+ Sirdung tich phan @& tinh dién tich ciia mét s6 hinh phing.

« Thé tich + Strdung tich phan dé tinh thé tich clia mdt so vat thé.
« Khoi tron xoay ’

Trong phan Hinh hoc & Trung hoc co sé va
lop 11, chung ta da dwoc hoc céng thirc tinh
thé tich cta nhiéu vat thé trong khéng gian
nhw khoi lang tru, khoi chép, khoi chop cut
déu, khoi tru, khéi nén, khoéi cau. Tuy nhién,
ta thwdng phai thira nhan cac céng thirc nay.

Bai hoc nay s& cung cap mét phwong phap
téng quat giup ta thiét lap mot cach dé dang
tat ca cac coéng thire tinh dién tich va thé tich
da dwoc hoc trong Hinh hoc, cling nhw tinh
duwoc dién tich cia nhirng hinh phang va thé
tich cia nhirng vat thé phirc tap hon gap trong
thue tién.

1. UNG DUNG TiCH PHAN BE TiNH DIEN TiCH HINH PHANG

a) Hinh phang giéi han béi mat dé thi ham sé, truc hoanh va hai dwong thang
x=a,x=b

) #o1. Nhan biét céng thire tinh dién tich

Xét hinh phang gi¢i han béi dwdng thang y =f(x)=x+1,
truc hoanh va hai dwdng thang x =-2, x =1 (H.4.12).

a) Tinh dién tich S ctia hinh phang nay.

1
b) Tinh “f( x)|dx va so sanh véi S,
x,

' e
Dién tich S cla hinh phang gi¢i han bdi dé
thi cia ham so6 f(x) lién tuc, truc hoanh va hai
duong thang x = a, x = b (@ < b), dwoc tinh
bang céng thirc Hinh 4.12

S = i|f ()| dx.




2 B
') Vi du 1. Tinh dién tich hinh phang gi¢i han béi dé thi cla 8 ==~
ham s6 y = x°, truc hoanh va hai dwong thang x =0, x =2 i ﬂ
(H.4.13). 6
Giai 4 T
Dién tich hinh phang can tinh I3 2 4 /
2 2
M1v3lav — [ 43 ——t | >
S_ﬂx |dx_jxdx & X o © 5 . 3
0 0 1
4 | -2
= ok Bl
410 Hinh 4.13

') vidu 2. Tinh dién tich hinh phéng gi¢i han b&i @6 thi ham sé y = sin x, truc hoanh va hai
dwong thang x =0, x =2 (H.4.14).

Giai Y A

Dién tich hinh phangcantinhla |

¢ )
2n x 2x

S = [Jsinx|ax = [[sinx|ax+ [ |sinx|ax N
ﬂ|smx| X ﬂ|5tnx| x+x|s|nx| - ﬂ\_/zn :
o 2 _1_ ____________________________

:J.sin x dx + I(—sin X )dx

0 mn

mn 2n
+cosx| =4.

o

=—CO0SsS X

') tuyén tip 1. Tinh dién tich hinh phang gi¢i han béi parabol
y =x> -4, truc hoanh va hai dwong thang x=0, x=3
(H.4.15).

b) Hinh phang giéi han béi hai dé thi ham sé va hai
duongthangx=0,x=b

) 1402 Nhan biét céng thire tinh dién tich

Goi S la dién tich hinh phang gi¢i han bdi dé thi cda cac
hamsb y =f(x)=-x* + 4x, y = g(x) = x va hai dwong thang
x=1,x=3(H.4.16). VA Hinh 4.15

N
=Y

Hinh 4.16



a) Gid st S, la dién tich hinh phang gi¢i han béi parabol y = —x2 + 4x, truc hoanh va
hai dwong thang x =1, x = 3; S, Ia dién tich hinh phang gi¢i han béi dwong thang y = x,
truc hoanh va hai dwong thang x = 1, x = 3. Tinh S,, S,vatrdosuyra S

3
b) Tinh J|f(x) ~g(x)|dx va so sanh véi S
1

- N
Dién tich S cla hinh phang giéi han bdi @6 thi ctia hai ham sb f(x), g(x) lién tuc
trén doan [a; b] va hai dwdng thang x = a, x = b, dwoc tinh bang cong thirc

S=j|f(x)—

g (x)[dx.

Chi y. Néu hiéu f(x)-g(x) khéng dbi dau trén doan [a; b] thi

I (0)-g(x)]x -

® Vi du 3. Tinh dién tich hinh phang gi¢i han béi hai parabol
y=4-x° y=x°vahai dwong thang x =—1, x =1(H.4.17).

Giai

Dién tich hinh phang can tinh Ia
1 1
S= Il(d - xE) - ledx = Jl‘d - 2x‘?|dx
1 1
1

20

iy £3

=J.(4—2x2]dx ={4x —%x:"]

1

J.[f[x}—gf(x}]dx*

) Vi du 4. Tinh dién tich hinh phang giéi han béi dé thi hai

ham sé y = sinx, y = cos x va hai dwdng thing x = 0, x = —

(H.4.18).
Giai
Dién tich hinh phang can tinh Ia

4

4
§= I|sinx ~cos x| dx = j(cnsx - sinx)dx
0

0
:(sinx+cﬂsx)ﬂ::ﬁ—‘l.

Hinh 4.17
4
Y A
1] Yy=0C0SX ¥y = sin x

i
:
!
O 3z
4

Hinh 4.18

) Luyén tip 2. Tinh dién tich hinh phang gi¢i han béi db thi clia cac ham sé y =Jx, y = x -2

va hai dwong thang x =1, x = 4.

21



) Vén dung 1. Ta biét rang ham céau lién quan dén gia p
clia mét sadn pham véi nhu céu clia nguodi tiéu dung, Ham cau
ham cung lién quan dén gia p ctia san pham véi mirc
dé sa&n sang cung cap san pham cla nha san xuét.
Diém cat nhau (x,; p,) cta do thi ham cau p = D(x) va

dd thi ham cung p = S(x) dwoc goi la diém cén bang. Thang dw
. . D oo tiéu ddn |
Cac nha kinh té goi dién tich cGa hinh gi¢i han boi p [Srs st rel (X1 Py)

dé thi ham cau, duwéng ngang p = p, va dwong thang :;::i;u
dwng x = 0 la thang du tiéu dung. Tuong tw, diéen tich

ctia hinh gi¢i han béi d6 thi cia ham cung, dwdng
ndm ngang p = p, va duwdong thang dirng x = 0 dwoc Ham cung
goi la thadng duw sén xuét, nhw trong Hinh 4.19.

Piém can bang

(Theo R. Larson, Brief Calculus: An Applied Approach, Ny 4.4
8th edition, Cengage Learning, 2009)
Gia st ham cung va ham cau clia mét loai san phdm dwoc mé hinh hoa béi:

Ham cdu: p = —-0,36x + 9 va ham cung: p = 0,14x + 2, trong do6 x la s6 don vi san pham.
Tim thaéng dw tiéu dung va thang du san xuat cho san pham nay.

2. UNG DUNG TiCH PHAN BE TiNH THE TiCH VAT THE
a) Tinh thé tich cla vat thé

) 192, Nhan biét cong thirc tinh thé tich vat thé i I x=b,
Xét hinh tru c6 ban kinh day R, co truc la truc hoanh Ox, : "*‘*‘-_F sl
nam gilra hai mat phang x =ava x = b (a < b) (H.4.20). < ?;*3*1:;
a) Tinh thé tich V cta hinh tru. i iz

. . L | =a"
b) Tinh dién tich mat cat S(x) khi cat hinh tru b&i mat L d
phang vudng goéc voi truc Ox tai diém cé hoanh do la x O
b
(a<x<b). Tir do tinh IS(x'}clx va so sanh véi V. Gt
a
Céng thirc tinh thé tich vat thé
' -
Cho mét vat thé trong khéng gian Oxyz. Goi B la & : P
phan vat thé giéi han bdi hai méat phang vuéng goc p 800

voi truc Ox tai cac diém co hoanh dé x = a, x = b.
Mot mat phang vudng géc véi truc Ox tai diém cé
hoanh do la x cat vat thé theo mat cat co dién tich Ia
S(x). Gia slr S(x) 1a ham sé lién tuc trén doan [a; b].

Khi do thé tich V cla phan vat thé B dworc tinh béi : |~
Cﬁng e Hinh 4.21

V=i8(x)dx,




) Vi du 5. Tinh thé tich ctia khéi lang tru cé dién tich day bang S rf
va chiéu cao bang h. D'’ s

Giai (H.4.22) A

i
|
Chon truc Ox song song v&i dwéng cao cla khoi l1ang tru va hai 5 -i-- S(x)
day nam trén hai mat phang vuéng goc véi Ox tai x =0 va x = h. A
Mé&i mat phang vudng géc véi truc Ox tai diém cé hoanh dé bang A C
x (0<x <h) cat khoi 1ang tru theo mat cat cé dién tich khéng R
ddila S(x) = S. A I B
Do d6, thé tich cla khéi lang tru 12 Hinh 4.22

h h
V= [s(x)ax= [ sax=sx|'= sh.
0 0

f

0

) Vidu 6. Tinh thé tich cGa khoi chop déu cé day la hinh vuéng canh L va chiéu cao la h.
Giai (H.4.23)

Hinh 4.23
Chon truc Ox sao cho goc O triing voi dinh cia khdi chop va truc di qua tam cua day. Khi do,
day cta khéi chép nam trén mat phang vudng goc voi Ox tai x = h.
M&i mat phang vudng goc véi truc Ox tai diém c6 hoanh dé bang x (0 < x < h), cat khdi chép
theo mat c4t la hinh vuéng ¢c6 canh 12 a.

Theo dinh li Thales, ta co , suyra a= % .

=~
N N D

2

Do do6, dién tich clia mat cat nay |2 S(x)= %xg.

h 3 3
Chiy. Bang (rng dung cua tich phan, nguéi ta chirng minh duoc thé tich clia khéi chop bat

h h 2
Vay thé tich clia khéi chop nay Ia V = Is(x)dx . J’ ?ﬁ? Xex == X
0 0

ki bang % dién tich mat day nhan véi chiéu cao cla né.

9 Vin dung 2. Tinh thé tich clia khdi chop
cut déu c6 dién tich hai day la S, S, va
chiéu cao bang h (H.4.24). Tir d6 suy ra
cdng thirc tinh thé tich khéi chép déu co
dién tich day bang S va chiéu cao bang h.

Hinh 4.24




b) Tinh thé tich khoi tron xoay

) 194 Nhan biét céng thirc tinh thé tich cua khéi tron xoay
Xét hinh phang gi¢i han b&i d6 thi ham sé y = f(x) = %x, truc
hoanh va hai dwong thang x = 0, x = 4. Khi quay hinh phang

nay xung quanh truc hoanh Ox ta dwoc khdi nén cé dinh la

gbc O, truc la Ox va day la hinh trén ban kinh bang 2 (H.4.25).

a) Tinh thé tich V cta khdi nén.

b) Khi cat khéi nén b&i mat phang vuéng géc voi truc hoanh
tai diém c6é hoanh dd bang x (0 < x <4) thi mat cat thu
dwoc la mot hinh tron co ban kinh la f(x), do do diéen tich Hinh 4.25
mat cat la S(x) = nf* (x).

4
Tinh :n:I f*(x)dx va so sanh voi V.
0

Cong thire tinh thé tich cua khéi tron xoay

s \

Cho ham sé f(x) lién tuc, khéng am trén doan [a; b].

Khi quay hinh phang gidi han béi d6 thi ham so y = f (x), truc hﬂénr] va hai dudng thang
X = a, x = b xung quanh truc hoanh, ta duwoc hinh khdi goi la mét khoi tron xoay.

Khi cat khéi tron xoay dé béi mét mat phang vudng goc voi truc Ox tai diém x < [a; b] duoc
mot hinh tron co ban kinh f(x).

Thé tich cda khéi tron xoay nay la

]
V:nj.fz(x)dx.

\ ) | ] F,

. — = o E — S —

) Vi du 7. Tinh thé tich khoi trén xoay sinh ra khi quay quanh truc Ox hinh phang gi¢i han bdi
dd thi ham sé y =+/x, truc hoanh va hai dwong thang x = 0, x = 1 (H.4.26).

» -
Giai Hinh 4.26
Thé tich khoi tron xoay can tinh 1a
1 1 . 1 3 :
V=r[f (x)ax=n(x) dx=n[xdx ="' =2

0 0 ]



) Vi du 8. Tinh thé tich cGa khéi cau ban kinh R.
Giai

quanh truc hoanh nira hinh tron gié¢i han béi d6 thi ham sé

Khéi cau ban kinh R co thé xem Ia vat thé sinh ra khi quay <o / 5
e el el e e Y

y=vR? — x* (-R < x <R), truc hoanh va hai dwong thang
x=-R, x=R (H4.27).

Do d6, thé tich cua khéi cau ban kinh R 1a
R (=

V=n I (JRE — x° )E dx = rr'[ (F;i'2 — xz)dx Hinh 4.27
R R
=% szmx—a P —inﬁa
3/l 3 '

) Vin dung 3. a) Tinh thé tich cGa khdi tron xoay sinh ra khi
quay hinh thang vuéng OABC trong mat phang Oxy
voi OA=h, AB=Rva OC=r, quanh truc Ox (H.4.28).

b) Tir cong thirc thu dwoc & cau a, hay rut ra cong thire
tinh thé tich ctia khéi nén cé ban kinh day bang R va
chiéu cao h. Hinh 4.28

g2 ga A s . 4
BAI TAP Y y=5x~=X y’

4.14. Tinh dién tich cta hinh phang dwoc té mau trong Hinh 4.29.
4.15. Tinh dién tich cGa hinh phang gi¢i han béi cac dwong:
a)y=e*,y=x"-1x=-1x=1
b) y =sinx, y=x, x:%,x:n;
c) y=9-x°, y=2x% x=-3, x=+/3;
d) y=+vx, y=x% x=0, x=1. Hinh 4.29

4.16. Cac nha kinh té str dung dwdng cong Lorenz dé minh hoa sw phan phéi thu nhap trong
moét quéc gia. Goi x 1a dai dién cho phan tram s6 gia dinh trong mét quédc gia va y la
phan trdm tong thu nhap. Bwdng y = x sé dai dién cho mét quoc gia ma cac gia dinh
c6 thu nhap nhw nhau. Pudng cong Lorenz y = f(x) biéu thi phan phéi thu nhap thuc té.
Dién tich hinh phang gi¢i han béi hai dwéng nay, vai 0 < x < 100, biéu thi “sw bét binh
dang vé thu nhap” clia mét quéc gia. Nam 2005, dwéng cong Lorenz clia Hoa Ky cé
thé dwoc méd hinh hoa bdi ham sé

y =(0,00061x” +0,0218x +1 723)2, 0< x <100,

trong d6 x duoc tinh tlr cac gia dinh nghéo nhat dén giau cé nhat (Theo R. Larson,
Brief Calculus: An Applied Approach, 8th edition, Cengage Learning, 2009).

Tim s bat binh dang vé thu nhap clia Hoa Ky vao nam 2005.
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4.17. Tinh thé tich ca khéi tron xoay sinh ra khi quay hinh phang gi¢i han béi cac dwéng
sau xung quanh truc Ox: y =2x-x*, y=0, x=0, x =2.

4.18. Khéi chdm cau cé ban kinh R va chiéu cao h (0 < h < R) sinh ra khi quay hinh phang
gi&i han b&i cung tron cé phuong trinh y = vR? - x?, truc hoanh va hai dwong thdng
X =R —h,x =R xung quanh truc Ox (H.4.30). Tinh thé tich cta khéi chém cau nay:.

Hinh 4.30
4.19. Cho tam giac vuéng OAB c6 canh OA = a nam trén truc Ox va AOB = q [{] < 5%)

Goi B 1a khoi tron xoay sinh ra khi quay mién tam giac QAB xung quanh truc Ox (H.4.31).
a) Tinh thé tich V cliia B theo a va a.
b) Tim « sao cho thé tich V 1&én nhat.

‘l,f.l.

o

Hinh 4.31



BAI TAP CUOI CHUONG IV

A - TRAC NGHIEM

4.20. Mét nguyén ham clia ham s6 f(x) =sin2x la
A. F(x)=2cos2x. B. F(x)=-cos2x.
C. F(x) =%cﬂ52x. D. F(x) =_?1Gﬂ52}{.

4.21. Ho cac nguyén ham cutia ham sé 2e* |a

A. 2xe* +C. B. 2e*+C. C. 2e”. D. 2e* +C.

4.22. Nguyén ham F(x) cta ham sb f(x)=e* —3e “ thoa man F(0) =4 la
A. F(x)=6" -3e . B. F(x)=0" +3e **.

C. F(x)=6" +36™". D. F(x)=e" +3e " +4.

4.23. Cho ham so f(x) c¢é dao ham f'(x) lién tuc trén R, f(1) =16 va If )dx = 4. Khi d6 gia
tri cta f(3) bang

A. 20. B. 16. 6. 12 D. 10.
4.24. Dién tich hinh phang gi¢i han bdi db thi cac ham sé y = x> - 2x, y =—x° +4x va hai
dwongthang x =0, x =3 1a

A. -9 B. 9. C. E D. E

3 3
4.25. Cho @6 thi ham sé y = f(x) trén doan [-2; 2] nhu Hinh 4.32.

¥ y=MRfx)

Hinh 4.32
] ( 76
Biét If(x)dx = If(x)dx =—— va If( x)dx = 15 Khi @6, dién tich cta hinh phang
- 1
duwoc td mau la
A.8. = c.= e

15 15 15




4.26. Cho hinh phang (S) gi®i han bdi dé thi ham sé y =+/1- x?, truc hoanh va hai dudng
thang x = —1, x = 1. Thé tich cla khéi tron xoay sinh ra khi quay (S) quanh Ox la

A.B—“. B.E, C.Z—E. D. 4—7':.
4 2 3 3
4.27. Mot vat chuyén ddng co gia téc la a(t) = 3t* +t (m/s?). Biét rang van téc ban dau caa
vat la 2 m/s. Van téc cla vat do sau 2 giay la

A. 8 m/s. B. 10 m/s. C.12 m/s. D. 16 m/s.

B - TU LUAN

4.28. Tim ho cac nguyén ham cua cac ham soé sau:

a)yzzx-%; b) ¥ = x~+/x +3C0s X —

sin® x

4.29. Tim mot nguyén ham F(x) clia ham so f(x)=2cos x + — thod man diéu kién

- sin” x
F(_] 1

4.30. Mot vién dan duoc ban 1én tir mat dat theo phwong thang dirng véi van toc ban dau
la 30 m/s. Vién dan chuyén déng véi gia tbe a = —9,8 m/s?. Tim van téc clia vién dan
& thoi diém 2 giay.
4.31. Ca héi Thai Binh Duong d&n mua sinh san thudng boi tir bién nguoe dong vao séng
va dén thwong ngudn cac dong séng dé dé trirng. Gia sir ca boi nguoc dong séng
r = ~n 4 x 2! - ; x = . - . - - - -
volvantocla v(t)= = +4 (km/h). Neu coi thoi diem ban dau t =0 |a luc ca bat dau

boi vao déng séng thi khodng cach xa nhat ma con ca ¢o thé boi dwoc 1a bao nhiéu?

4.32. Tinh cac tich phan sau:

n

ax —1
(cos x —sin x ) dx; E)I —— d) Ix dx.
) sin” X 1
6

:::t-—-.mlr-l

a) j.(xﬂ - 2:/x)dx; b)
1

4.33. Tinh dién tich hinh phang gi¢i han béi cacduwong y =e*, y=x, x =0 vax=1.

4.34. Tinh thé tich cla khéi tron xoay sinh ra khi quay hinh phang gi¢i han béi cac dwong
sau xung quanh truc Ox:

a) y=1-x% y=0,x=-1, x=1 b) y =v25-x2,y =0, x=2, x = 4.

4.35. Nghé thuat lam gém co lich st phat trién lau ddi va van con tén tai cho dén ngay nay.
Gia sir mot binh gém c6é mat trong cla binh la mét mat tron xoay sinh ra khi cho phan

do thiclaham sé y = %xz + % x +5(0 < x <30) (x, y tinh theo cm) quay tron quanh

bé gbém c6 truc triing v&i truc hoanh Ox. Hai dé hoan thanh binh gém d6 ta can sir dung
bao nhiéu centimét khéi dat sét, biét rang binh gém dé cé dd day khéng déi la 1 cm?



o [Ife][cAY,
PHUONG PHAP TOA PO

TRONG KHONG GIAN

No6i tiép y twdng phwong phap toa do trong
mat phang & I&p 10, trong chwong nay, théng
qua hé truc toa do, ta sé thé hién mat phang,
duwdng thang, mat cau theo ngdn nglr cua

THUAT NGU | KIEN THUC, Ki NANG
»  Vecto %ha*p tuyén cua » Nhan biét phwong trinh mat phang.
it phang ] » Viét phwong trinh mét phang trong cac trwdng hop: qua mét
» Cap vecto chi phurong diém va biét vecto' phap tuyén, qua mét diém va biet cép
cua mat phang vecto chi phwong, qua ba diém khéng thang hang.

«  Phwong trinh tong quat

1 ! Nhan biét hai mat phang song song, hai mat phang vudng géc.
cua mat phang

, i« Tinh khoang cach tir mét diém dén mot mét phang.
« Khoang cach tir mot diem | ) . B ) * ) J
dén mot mat phang i + Van dung kién thirc v€ phwong trinh mat phang, céng thirc

tinh khoang cach tir mot diém dén mot mat phang vao mot
sd bai toan lién quan dén thuc tién.

M6t vat thé chuyén déng trong khoéng gian Oxyz. Tai mdi thoi diém £, vat thé & vi tri
M(cusf —sint; cost + sint; cmst). Hoi vat thé cé chuyén dong trong mét mat phang cé dinh
hay khong?

1. VECTO PHAP TUYEN VA CAP VECTO CHi PHUONG
CUA MAT PHANG
) w1, Hinh thanh khai niém vecto phap tuyén
Khi mét vat dwoc dat trén mat ban phang, mat ban sé tac
déng 1én vat mét phan lwe phap tuyén n, gia clia vecto n
vudng goc v&i mat ban. Néu mat ban thuéc mat phang nam
ngang thi n cé phwong gi? (H.5.1)

Hinh 5.1



Vecto ri = 0 dwoc goi la vecto phap tuyén clia mét phang
(o) néu gid cia n vudng goc véi (o).
\

Chuy

» Mat phang hoan toan xac dinh khi biét mot diém va mét vecto
phap tuyén cua no.

+ Néu n la mét vecto phap tuyén clia mat phang (o) thi kn (voi jaiia
k 1a mét s6 khac 0) cling la mét vecto phap tuyén cla (a).
3 Vi du1. Cho hinh Iap phuong ABCD.AB'C'D’ (H.5.3). E}: .
Trong cac khang dinh sau, nhirng khang dinh nao |a dung? A’ | B’
a) AA’ va 2BB' déu la vecto phap tuyén clia mat phang (ABCD). i
b) BD la mét vecto phap tuyén ciia mat phang (ACC'AY). ,9*:#:..:-:170
c) A'C' la mot vecto phap tuyén ctia méat phang (ABCD). A ‘”5
Giai Hinh 5.3

Vi cac dwong thang AA’, BB' vubng goc véi mat phang (ABCD) nén AA’ 2BB’ déu 1a vecto
phap tuyén clia mat phang (ABCD).

Budng thang BD vudng géc véi hai dwong thang AC va AA’ nén vuéng goéc véi mat phang
(ACC'AY). Vay BD |a mét vecto phap tuyén ciia mét phang (ACC'A).

Puwong thang A'C’ khéng vudng goc véi mat phang (ABCD) nén vecto A'C’' khong phai la
vecto phap tuyén clia mat phang do.

Vay cac khang dinh a va b la dung, khang dinh c la sai.

) Luv’én tap 1. Trong khong giar] Oxyz, cho cac diem A(1; -2; 3), B{—@; 0: 1). Goi (o) la mat
phang trung truc ctia doan thang AB. Hay chi ra mét vecto phap tuyén cia (o).

) o2, Tim mét vector vudng goéc véi hai vector cho truwdee
Trong khdng gian Oxyz, cho hai vecto u =(a;b.c) vav =(a".b".c').
a) Vecto n =(bc' - b'c; ca’—c'a; ab’ — a'b) ¢d vudng goc voi ca hai vecto u va v hay khéng?

b) 7 =0 khi va chi khi 4 va v c6 méi quan hé gi?

p N\ [, V]
Trong khéng gian Oxyz, cho hai vecto u =(a;b;c) va v=(a".b’.c’). |
Khi d6 vecto n=(bc’' - b'c; ca’'-c'a; ab' —a'b) vudng goc véi ca hai ~ e
B " i b : : e i B3 s Qe U v
vecto u va v, dwoc goi la tich cd hwéng cua u va v, ki hiéu la [u,v]. /
L% r
Chu v Hinh 5.4
+ [u, v]=0khi va chi khi &, v cung phuong.
. X
+ Voibonsox, y, x', y, takihiéu | y’ = xy' - x'y. Khi dé tich ¢6 huwéng cta u =(a; b; c)
va v=(a" b c') la r o
5 U b c|l|lc alla bU
[u’ V] - ' ! ’ ' ' " f |
b'" ¢’ |le' a'lla" b




» Vidu 2. Trong khéng gian Oxyz, chou = (1, -2;,0) va v =(3; 1 —-4). Tinh [u,v]

Giai
-2 0;‘0 1|;]1 —2}:(8;4:?)_
-4 33 1

Tacd |u, v]=
|2 S
» Luyén tdp 2. Trong khdng gian Oxyz, cho u =(2; 3; 1) va v =(4; 6; 2). Tinh [u,V].

) 1#92. Hinh thanh khai niém cap vecto chi phwong cua mét phing

Trong khéng gian Oxyz, cho hai vecto' u, v khéng cung phwong va cé gia nam trong hoac
song song véi mat phang (P).

a) Vecto [u,v] co khac vecto-khdng va gia cua no co vudong goc voi ca hai gia cua u, v
hay khong?
b) Mat phang (P) c6 nhan [4,v] lam mét vecto phap tuyén hay khéng?

-

» Trong khong gian Oxyz, hai vecto u, v duoc goi la
cap vecto chi phiwrong cua mat p!ﬁng (P) néu chung

T[T.F]
khong cung phuong va co gia nam trong hoac song = | S
song voi mat phang (P).

- Néu 4, v la cap vecto chi phwong ctia (P) thi [u,v] 1a Hinh 5.5
mét vecto phap tuyén cua (P).

\ J

» Vi du 3. Trong khong gian Oxyz, cho cac vecto 4 = (2; —-1; 0), v= (1; -1; 2). Goi () la mot
mét phang song song voi cac gia cla 4, v. Hay tim mot vecto phap tuyén cla (o).

Giai

T U;U 252 ‘ﬂzi_z;_-:;; ~1) 2 0. Do @6 u, v |a cép vecto chi
-1 212 1I'|[1 -1

phwong va i 1a mot vecto phap tuyén cla (o).

Ta G5 ﬁ:[u,w]:[‘

) Luyén tip 3. Trong khéng gian Oxyz, cho ba diém khéng thang hang A(1; -2;1), B(-2; 1; 0),
C(-2; 3; 2). Hay chi ra mét vecto phap tuyén ctia mat phang (ABC).

) Vin dung 1. Moment luc 1a mét dai lwong Vat li, thé hién tac
ddng gay ra su quay quanh mot diém hoac mét truc clia mét
vat thé. Trong khéng gian Oxyz, véi don vi do dd dai la mét,
néu tac déng vao can mo Iét tai vi tri Pmét lwe F dé van con
é¢c & vj tri O (H.5.6) thi moment luc M dwoc tinh bdi céng
thirc M =[OP,F].

a) Cho OP =(x;y:z), F =(a; b;c). Tinh M. Hinh 5 6

b) Giai thich vi sao, néu gitr nguyén luc tac ddng F trong khi thay vi tri dat lwc tir P sang
P’ sao cho OP'=20P thi moment Iwc sé tang lén gap doi. Tl d6, ta cé thé rut ra diéu
gi dé d& tén sirc khi dung mé 1ét van 6c?



2. PHUONG TRINH TONG QUAT CUA MAT PHANG

) 1#94. Hinh thanh khai niém phwong trinh tong quat cua mat phang

Trong khéng gian Oxyz, cho mét phang (). Goi 7 =(A; B; C) la mét vecto phap tuyén cuia
(@) va M, (Xq; Vo Z) 1& mét diém thudc ().

a) Mot diém M(x; y; z) thudc (a) khi va chi khi hai vecto ri va MM cé moi quan hé gi?

b) Diém M(x; y; z) thudc (a) khi va chi khi toa dd ctia né thoa man hé thirc nao?

' b
Trong khéng gian Oxyz, mdi mat phang déu c6 phwong trinh dang Ax + By + Cz + D =0,
trong d6 A, B, C khéng déng théi bang 0, dwoc goi la phwong trinh tdng quat ctia mat
phang do.

L

7

Chay. Trnng khéng gian Oxyz, moi phuu::fng trinh Ax+ By + Cz+ D =0(cachésd A, B, Ck_hﬁng
dong thoi bang 0) xac dinh mét mat phang nhan n = (A; B; C) 1am mét vecto phap tuyén.

» Vi du 4. Trong khéng gian Oxyz, phwong trinh nao trong cac phuong trinh sau la phwong
trinh tdng quat clia mo6t mat phang?

a) x+2y-3z°+1=0; b)1+g+§+2:0; c) y+1=0.
X y 2z

Giai

Trong cac phwong trinh trén, chi co phwong trinh ¥y +1=0 cé dang Ax+By +Cz+D =0
va thod man A, B, C khong déng thei bang 0 (A=0, B=1 C =0). Vi vay, trong cac phwong
trinh trén, chi c6 phurong trinh y +1=0 1a phwong trinh mét phang.

Y Luyén tdp 4. Trong khong gian Oxyz, phwong trinh nao trong cac phwong trinh sau la phwong
trinh tdng quat ctia mot mat phang?

a) x° +2y* +3z° -1=0;: b)%—y+%+5:0; c) xy+5=0.

» Vi du 5. Trong khéng gian Oxyz, cho mat phang (o) : x+2y —z+1=0.
a) Hay chi ra mét vecto phap tuyén cda (o).
b) Vecto m =(2; 4; —2) c6 la vecto phap tuyén cua (o) hay khéng?
¢c) Trong hai diém A(1; 3: 2), B(1: 1; 4), diém nao thudc mat phang («)?
Giai
a) Mat phang (o) nhan n = (1, 2; - 1) lam mét vecto phap tuyén.
b) Do m=2n ma n la vecto phap tuyén cua (o) nén m ciing la vecto phap tuyén ctia (a).

c) Ta can kiém tra xem trong hai diém A(1; 3; 2), B(1; 1; 4), diém nao cé toa dd thod man
phwong trinh mat phang ().

Do 1+2:-3-2+1#0 va1+2-1-4+1=0 nén trong hai diém A, B chi cb toa dd diém B
thod man phwong trinh mat phang («). Vay diém B thuéc mat phang (o), diém A khéng
thudéc mat phang (o).



) Luyén tip 5. Trong khéng gian Oxyz, cho mét phang (o) ; x +2=0.
a) Diém A(—2; 1 O) co thuoc (a) hay khong?

b) Hay chi ra mét vecto phap tuyén cia (o).
3. LAP PHUONG TRINH TONG QUAT CUA MAT PHANG
) uos. Lap phwong trinh méat phang di qua mét diém va biét vecto’ phap tuyén

Trong khéng gian Oxyz, cho mat phang (a) di qua diém M,(x.;¥,:Z,) va co vecto phap
tuyén n=(A: B: C).

Dua vao HP4, hay néu phuwong trinh cua («).

- b

Trong khong gian Oxyz, néu mat phang (o) di qua diém M, (x,;¥,;Z2,) va co vecto phap
tuyén n =(A; B; C) thi c6 phuwong trinh la:

A(x—Xx,)+B(y -y, ) +C(z—2,)=0 < Ax+By +Cz+ D=0, voi D=—(Ax, + By, +Cz,).

- J

') Vidu 6. Trong khéng gian Oxyz, viét phwong trinh mat phang («) di qua diém M(2.-10) va
c6 vecto phap tuyén n =(3:-4:6).

Giai
Ma&t phang (a) c6 phurong trinh 1a:
3(x—-2)-4ly —(-1)]+6(z-0)=0 = 3x -4y +6z-10=0.

) Luyén tip 6. Trong khong gian Oxyz, viét phuong trinh mat phang (o) di qua diém M(1, 2— 4)
va vuong goc voi truc Oz.

) #o6. Lap phwong trinh mat phang di qua mét diém va biét cap vecto’ chi phwong

Trong khéng gian Oxyz, cho mat phang («) di qua diém M(x,;y,; z,) va biét cap vecto chi
phwong U= (a; b; c), V= (a’, b, ).
a) Hay chi ra mét vecto phap tuyén clia mat phang (a.).

b) Viét phwong trinh mat phang (a).

{ - . - . '
Trong khong gian Oxyz, bai toan viet phwong trinh mat phang di qua diém M va biéet cap
vecto chi phwong 4, v ¢cd thé thuc hién theo cac bwéc sau:

« Tim vecto phap tuyén n =[u, v].
« Lap phuong trinh téng quat cia mat phang di qua M va biét vecto phap tuyén n.

" 7

% Vi du 7. Trong khéng gian Oxyz, cho hinh lang tru ABC.A'B'C' v&i A(1; 2; 3), B(4; 3; 5),
C(2; 3: 2), A(1: 1; 1). Viét phuwong trinh mét phﬁng (A'B'C).



Giai (H.5.7) A’ C’

Mat phing (A'B'C) nhan AB=(3: 1 2),AC=(t1-1) lam
cép vecto chi phwong nén co vecto phap tuyén la

ri=| AB, AC |=(-3, 5, 2).

A C
M&t phang (A'B'C) di qua A(1; 1; 1) va nhan n=(-3; 5, 2)
lam mét vecto phap tuyén nén cé phwong trinh: 7
=3(X-DVD+S(y-N+2z-1N=0< 3x-5y-22+4=0. Hinh 5.7

) Luyén tip 7. Trong khong gian Oxyz, cho cac diem A(t -2, —1), B(4; 1 2), C(2; 3; 1). Viét
phuwong trinh mat phang (o) di qua diém A(t -2, —1) dbng thdi song song véi truc Oy va
dudng thang BC.

) #97. Lap phwong trinh mat phiang di qua ba diém khéng thang hang
Trong khdng gian Oxyz, cho ba diém khéng thang hang:
A(1,23),B(-13,4),C(2 -1 2).
a) Hay chi ra mét cap vecto chi phwong cia mat phang (ABC).
b) Viét phwong trinh mat phang (ABC).

6 Trong khéng gian Oxyz, bai toan viét phwong trinh mat phang di qua ba diém khéng thang ]
hang A, B, C cb thé thuc hién theo cac budc sau:

« Tim cép vecto chi phuong AB, AC.

« Tim vecto phap tuyén n= [AB AC]

_+ Lap phuong trinh tdng quat ctia mat phang di qua A va co vecto phap tuyén n.

) Vi du 8. Trong khéng gian Oxyz, cho ba diém A(2: 1 —1), B(3: 2; 1), C(3; 1. 4).
a) Chirng minh rang ba diém A, B, C khéng thang hang.
b) Viét phwong trinh mat phang (ABC).
Giai
a) Hai vecto AB=(1 1 2), AC =(1 0; 5) khéng cing phuvong nén ba diém A, B, C khéng
thang hang.
b) Mat phang (ABC) cé cap vecto chi phwong AB=(1 1 2), AC =(1 0:5) nén cé vecto
phap tuyén n :[AE, A(.'f] =(5;-3;-1).
Ma&t phang (ABC) di qua A(2; 1; —1) va cb vecto phap tuyén 7 = (5; -3; 1) nén cé phuong trinh:
B(x-2)-3y-1V-1(z+1) =0 5x-3y-z-8=0.



) Luyén tip 8. (H.5.8) Trong khéng gian Oxyz, cho mat phang (a) khéng di qua gbc toa dd va
cat ba truc Ox, Oy, Oz twong (rng tai cac diém A(a;0; 0), B(0; b: 0), C(0: 0; ¢) (a, b, ¢ #0).

B(0: b; 0)

A(a; 0; 0)
Hinh 5.8
Chirng minh rang mat phang («.) cé phwong trinh:

X y 2
—+=+—=1.
o D ¢

(Phwong trinh trén dwoc goi la phuong trinh mét phang theo doan chan).

) Vin dung 2. Trong tinh hubng mé dau, hay thuc hién cac bwdc sau va tra 101 cau hoi da duoc
néu ra.

a) Xac dinh toa d6 cGa vitri M,, M,, M, cla vat twong (rng voi cacthoidiém t =0, ¢ = % f=a,
b) Chirng minh rang M,, M., M, khéng thang hang va viét phrong trinh méat phang (MM,M,).

c) Vitri M(cost —sint, cost +sint; cost) co ludn thudéc mat phang (M,M.M,) hay khdéng?

4. DIEV KIEN BE HAI MAT PHANG VUONG GOC VOI NHAU

) 108, Tim diéu kién dé hai mat phang vuéng géc v&i nhau
Trong khéng gian Oxyz, cho hai mat phang: Go6c giira hai mat phang

, , bdng goc gilka hai dwong
(a): Ax+By +Cz+D=0,(B): Ax+By+Cz+D'=0, thing bit ki twong ng

voi hai vecto phap tuyén rA=(A:B:C), n =(A-B:C’) vuOng goc voi hal mat
: phang do.
twong (ng.

a) Géc giira hai mat phang (o), (B) va goc gilra hai gia cta
n, n'cé mbi quan hé gi?

b) Hai mat phang («) va (B) vudéng goc v&i nhau khi va chi
khi hai vecto phap tuyén twong (ing i, n* ¢é méi quan hé gi?




rTrc:ng khéng gian Oxyz, cho hai mat phang: i =
(a): Ax+By +Cz+D=0,(B):Ax+By+Cz+D =0, i
véi hai vecto phap tuyén n=(A;B;C), n'=(A;B";C") L?'

twong wng.
Khi do: /8

(@) L(B)<>n Ln'< AA'+BB'+CC'=0. ) i 22

Chi y. Néu hai mét phang vudng géc voéi nhau thi vecto phap tuyén ctia mét phang nay c6
gia song song hoac nam trong mat phang kia.

) Vi du 9. Trong khéng gian Oxyz, chirng minh rang hai méat phang sau vuéng goéc véi nhau:
(a):x-3y+2z+1=0,(B): 5x+y-z+2=0.

Giai
Hai mat phdng (a), (B) c6 vecto phap tuyén twong ting la = (1; -3;2), n'=(5,1-1).
Tacd Ai-n"=1-5+(-3)-1+2-(-1)=0 nén ri Ln'. Do d6 (o) vudng goéc voi (B).

D Luyén tip 9. Trong khéng gian Oxyz, hai mat phang sau day co vudng goc voi nhau hay khéng?
(a):3x+y—-z+1=0 (p): 9x+3y —-3z+3=0.

) Vi du 10. Trong khdéng gian Oxyz, viét phwong trinh mat phang (P) di qua hai diém
A(t 2:-2), B(2: 4; 1) va vudng goc v&i mat phdng (Q): x +3y +z-1=0.

Giai

Mat phang (Q) c6 vecto phap tuyén n, = (1, 3; 1). Mat phang (P) di qua A, B va vudng goc
véi (Q) nén cé cép vecto chi phuong la AB = (1 2, 3) va n, =(1 3:1). Do @6 (P) c6 vecto
phap tuyén Ia: n, =| AB, n, |=(-7, 2,1).

Mét phang (P) di qua A(1 2; -2) va c6 vecto phap tuyén n_ = (~7; 2; 1) nén cé phwong trinh:
-Tx+2y+z-[(-7)1+2:2+1-(-2)]=07x-2y -z-5=0.

a) Viét phwong trinh bén mat phang twong rng chira

0 -
bén birc twong dé. ‘(/-“f"" S P

D Vin dung 3. (H.5.10) Trong khong gian Oxyz, san cua
mét cdn phong co dang hinh tlr giac véi bén dinh
O(0; G 0), A(2; 0; 0), B(2; 3; 0); C(0; 24/2; 0). Bbn blic
twong cla can phong déu vudng goéc voi san.

> i f - N wy b >
b) Trong bén m&t phang twong (rng chira bén blrc : 1% \: "3 3
twdng do6, hay chi ra nhirng cdp méat phang vuéng | | b
3¢ VoI Hinh 5.10
goc vei nhau.



5. DIEU KIEN DE HAI MAT PHANG SONG SONG VG1 NHAU

) #09. Tim diéu kién dé hai mat phang song song hoic trung nhau
Trong khéng gian Oxyz, cho hai mat phéng

(a): Ax+By+Cz+ D=0,
(B): Ax +By +C'z+D'=0, A

voi cac vecto phap tuyén n=(A; B;C), n'=(A" B" C
twong ung. /< | /
Néu hai mét phang (o) va (B) song song hoac tring nhau P

thi cac vecto phap tuyén A, n’ ¢cé mdi quan hé gi? Hinh 5.11

r Trong khéng gian Oxyz, cho hai mat phang
(a): Ax+By+Cz+D=0,(B): Ax+By+Cz+D'=0,
v&i cac vecto phap tuyén i =(A; B; C), n’ = (A" B C') twong rng. Khi d6:

(@) // (B) < {;f ‘E Vi k nao do.

L. - =

Chii ¥

» Néu hai mat phang song song véi nhau thi vecto phép tuyén cia mat phang nay cing 13
vecto phap tuyen cua mat phang kia.

« Hai mat phang (o) va (B) trung nhau khi va chi khi ton tai s6 k khac 0 sao cho
A'=KkA, B'=kB, C'=kC, D' = kD.
) Vi du 11. Trong khéng gian Oxyz, cho hai mat phang:
(@):3x—y+z+J2=0va (B): 3V2x -2y +2z+1=0.
HGi (o) va (B) co song song voi nhau hay khong?
Giai
Cac mat phang trén co vecto phap tuyén twong (ng la rTU: =(3;, -1 1), rTH = (Sﬁ; Rl Jf)
Do n, =v/2-n, va1++/2 -2 nén hai mat phéng (o) va () song song v&i nhau.

) Luyén tip 10. Trong khéng gian Oxyz, cho hai mat phang:
(a): 5x+2y -4z+6=0va(p):10x+4y —-2z+12=0.
a) Hoi (o) va (B) co song song vo&i nhau hay khéng?
b) Chirng minh rang diém M(1; —3; 5) khong thudc mat phang (a) nhwng thuéc mat phang (B).
c) Viét phwong trinh mat phang (P) di qua M(1; —3; 5) va song song voi (a).
) Vin dung 4. Trong mot ki thi tuyén sinh c¢é ba mén thi Toan, Ngir van, Tiéng Anh. Trong khéng

gian Oxyz, ngu i ta biéu dién két qua thi ciia mai thi sinh bdi diém c6 hoanh dd, tung dd, cao
dé twong trng la diém Toan, Ngir van, Tiéng Anh ca thi sinh d6.



a) Chirng minh rang cac diém biéu dién twong (rng véi cac thi sinh ¢6 tdng sé diém ba mén
thi bang 27 (néu cb) cling thudéc mat phang cé phuwong trinh x + y + z - 27 = 0.

b) Chirng minh rang tén tai moét sé méat phang déi mét song song v&i nhau sao cho hai diém
biéu dién (rng v6i hai thi sinh c6 tong s6 diém thi bang nhau thi cng thuéc mét méat phang
trong s6 cac mat phang dé.

PO Oe

X+y+z-20=0 x+y+z-24=0 X+y+z-27=0
Hinh 5.12

6. KHOANG CACH TU MOT DIEM BEN MOT MAT PHANG

) 1#010. Thiét 1ap cong thirc tinh khoang cach tir mét diém dén

moét mat phang

Trong khéng gian Oxyz, cho diém M(x,;¥,:z,) va mat phang

(P): Ax+ By +Cz + D =0 c6 vecto phap tuyén n = (A; B; C). Goi

N 1a hinh chiéu vuéng goc ctia M trén (P) (H.5.13).

a) Gidi thich vi sao ton tai s6 k ¢ MN = kni. Tinh toa d6 clia N
theo k, toa dd clia Mvacachéso A, B, C, D.

b) Thay toa dd cia N vao phuong trinh mat phang (P) dé tir dé tinh k theo toa dd cia M va
cachésb A B, C, D.

¢) Tir IMNI = klIAl, hay tinh d6 dai ctia doan théng MN theo toa dd clia M va cac hé sé A, B,
C, D. Tir d6 suy ra cdng thirc tinh khodng cach tir diém M dén mat phang (P).

Hinh 5.13

i 3
Trong khéng gian Oxyz, khoang cach tir diém M(x,;y,;z,) dén mat phang
(P):Ax+By+Cz+D=0 la:

|Ax, + By, + Cz, +D|

O e

\. 7

) Vi du 12. Trong khéng gian Oxyz, tinh khoang cach tir diém M(1; 2; —1) dén mat phang
(P): x+2y—-2z+5=0.

Giai
Khodng cach tir diém M(1; 2; —1) dén matphang (P): x + 2y -2z + 5=0a:

d(M, (P)) = w _4
P+ 2% +(-2)



) Luyén tip 11. Trong khéng gian Oxyz, cho hai mét phang (P) : x + 3y + z + 2 = 0 va
(Q): x+3y+z+5=0.

a) Chirng minh rang (P) va (Q) song song véi nhau.
b) Lay mét diém thudc (P), tinh khodng cach tir diém dé dén (Q). Tir do tinh khoang cach

gitra hai mat phang (P) va (Q).

' Vandung5. (H.5.14) Goc quan sat ngang cua moét
camera la 115°. Trong khéng gian Oxyz, camera
dwoc dat tai diém C(1; 2; 4) va chiéu thang vé
phia mat phang (P) : x + 2y + 2z + 3= 0. Héi viing
quan sat dwoc trén mat phang (P) clia camera 1a
hinh trdn 6 ban kinh bang bao nhiéu? (Lam tréon
két qua dén chir s thap phan thir nhat.)

Hinh 5.14

BAI TAP

2.1

9.2
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Trong khéng gian Oxyz, viét phwong trinh mat phang di qua diém M(1; 2; —1) va vuéng
goc voi truc Ox.

Trong khéng gian Oxyz, cho hinh hép ABCD.AB'C'D’, véi A(1: —1: 3), B(0; 2; 4), D(2; -1: 1),
A0; 1, 2).

a) Tinh toa dé cac diem C, B, D',

b) Viét phwong trinh mat phang (CB'D).

Trong khéng gian Oxyz, viét phwong trinh mat phang (P) di qua diém M(1; —-1; 5) va
vudng goc voi hai mat phang (Q) : 3x+2y—-z=0,(R): x+y—z=0.

Trong khéng gian Oxyz, viet phurong trinh mat phang di qua M(2; 3; 1), song song voi
truc Ox va vudng goc voi mat phang (Q) : x + 2y —3z+ 1=0.

Trong khéng gian Oxyz, tinh khoang cach tir goc toa d6 dén méatphang (P) : 2x+2y—z+1=0.

Trong khéng gian Oxyz, cho haimatphang (P) ‘x+y+z+2=0,(Q): x+y+z+6=0.
Chirng minh rang hai méat phang da cho song song véi nhau va tinh khoang céch gitra
hai mat phang dé.

Trong khéng gian Oxyz, cho haimat phang (P) : x+3y-z=0,(Q): x—-y-2z+1=0.
a) Chirng minh rang hai mat phang (P) va (Q) vuéng géc véi nhau.
b) Tim diém M thudc truc Ox va cach déu hai mat phang (P) va (Q).

Bac An du dinh lam bon mai cta ngbi nha sao cho
ching 1a bon mat bén cia mét hinh chop déu va
cac mai nha ké nhau thi vuéng géc voi nhau. Hoi y
twéng trén cod thwe hién duoc khong?

Hinh 5.15

Trong khong gian Oxyz, moét ngdi nha co san nha

thudc mat phang (Oxy), tran nha tang 1 thuéc mat phang z — 1 = 0, mai nha tang 2 thudc
mét phang x + y + 50z — 100 = 0. Héi trong ba méat phang twong (rng chi*a san nha, tran
tang 1, mai tang 2, hai mat phang nao song song voi nhau?



5.10. Xét mét cdi xay lua trong khéng gian Oxyz, véi don vi
do d6 dai 1a mét. Néu tac déng vao tai cdi xay la (& vi tri
P) mot luc F thi moment lwc M dwoc tinh bdi cong thirc
M =[OP,F] (H.5.16). Trong qua trinh xay, cac thanh gé AB
va PQ luén c6 phrong nam ngang. Vecto lvec F co gia
song song v&i AB. Giai thich vi sao gia cua vecto moment

lwe M co phwong thang dirng.

Hinh 5.16

" Em co6 biét? °

Hinh hoc giai tich hay con goi la hinh hoc toa do la linh vwre toan hoc ding ngbén ngilr va phwong
phap dai s6 dé nghién clru hinh hoc. Trong hinh hoc giai tich, méi d6i twong hinh hoc dwoc cho
twong (Png véi mot ddi twong dai so: diém cho twong (rng véi toa dd cia diém, dwdng cho trong
wng voi phwong trinh cua dwong, mat cho twong rng voi phwong trinh cua mat. Ngoai phwong
trinh mat phang da dwoc trinh bay & bai hoc trén va phwong trinh mat cau sé dwoc hoc trong
Bai 17, sau day 1a phwong trinh ctia moét s6 mat xuét hién nhiéu trong cudc séng:

Mat ellipsoid hay con goi la mat

Hinh 5.17

trai xoan (H.5.17) c6 phwong trinh:

Mat hyperboloid mét tang
(H.5.18) c6 phwong trinh:

2 2 2
X

=LA

+ T
2 bE CE

a

Hinh 5.18

Mét hyperboloid hai tang
(H.5.19) c6 phwong trinh:

x? .YE ZE B

2

a b ¢

Hinh 5.18

Mat nén elliptic (H.5.20)

¢6é phwong trinh:
xz yz IE
& b & %

Hinh 5.20

Mat paraboloid elliptic
(H.5.21) ¢6 phwong trinh:

Hinh 5.21

Mat paraboloid hyperbolic
hay con goi la mat yén nguwa
(H.5.22) c6 phwong trinh:

Hinh 5.22

(a, b, ¢ > 0 va khéng bang nhau.)




PHUONG TRINH DUONG THANG

TRONG KHONG GIAN
THUAT NGU | KIEN THUC, Ki NANG
« Vecto chi phwong cua dudng thang .+ Nhan biét cac phwong trinh tham s6, chinh
»  Phwong trinh tham sé cia duong thang tac cla dwdng thang.

+ Phwong trinh chinh tc cia duong thing | * Vi€t phuong trinh duong thang di qua mot
+ Hai dwong thang vudng goc véi nhau : die:m Vi bkl \tec:tu' el phuicrng.. _

+ Hai dwong thang song song vé&i nhau b mlm‘ng t':mh dw&rru_th?ng ‘5!' qua di1ém+
« Hai duwong théng trung nhau : i :j:ﬂ ; dbiét “Ikltg tl::ng igl mr:a L a::.? I:‘gdthwing.
» Haiduong th%ng C',]éﬂ ke | thﬁl:lg ,u::iq[ri tl:n'ngug bi g%’awﬁ:igdu;ng thézg
* Haidwong thang cat nhau | vao mot sb bai toan lién quan dén thyc tién.

Trong khdng gian Oxyz, mat mot ngwoi quan sat dat & diém M(2; 3; —4) va vat can quan sat
dat tai diém N(-1, 0; 8). Mot tdm bia chan dwong truyén clia anh sang cé dang hinh tron véi
tam O(0; 0; 0), ban kinh bang 3 va dat trong mat phang (Oxy). Héi tdm bia co6 che khuét tam
nhin cta ngwdi quan sat déi voi vat dat & diém N hay khong?

1. PHUONG TRINH BUONG THANG

a) Vecto chi phwong ciia dudng thang
) 1#01. Hinh thanh khai niém vecto chi phwong cua dwdng thang

Trong khéng gian, cho diém M va vecto ¢ khac vecto-khéng. Khang dinh nao trong hai
khang dinh sau la ding?

a) Co duy nhat dwdng thang di qua M va vudng goc véi gia cta u.

b) Cé duy nhéat dwdng thang di qua M va song song hoac trung véi gia cla i.

f U
Vecto u#0 duoc goi la vecto chi phwong cla duwdng '—F
thang A néu gia cia u song song hodc trung véi A. A

e Hinh 5.23

Cha ¥

. Puwong thang hoan toan xac dinh khi biét mét diém ma né di qua va mét vecto chi phuonag.

» Néu u la mét vecto chi phwong ciia A thi ku (voi k 1a mét sé khac 0) cling 1a mét vecto
chi phuong cua A.

'» Vidu 1. Cho hinh hép ABCD.A'B'C'D". Hay chi ra cac vecto
chi phwong clia dwong thang BC' ma diém dau va diém cudi
clia vecto dd déu la cac dinh ctia hinh hop ABCD.AB'C'D".
Giai (H.5.24)

Puwong thang BC'nhan cac vecto BC', C'B, AD’, D'A la cac
vecto chi phuong.




Y Luyén tip 1. Cho hinh l&ng tru ABC.A'B'C’ (H.5.25). Trong cac  ’*

vecto co diém dau va diém cudi déu Ia dinh cta hinh lang tru,
nhirng vecto nao la vecto chi phwong cla dwédng thang AB?

b) Phwong trinh tham sé cla dudng thang

J o2, Hinh thanh khai niém phwong trinh tham sé cua B
dwéng thiang Hinh 5.25

Trung khoéng gian Oxyz, mét vat thé chuyén doéng véi vecto van W
tbc khéng di & = (a; b; ¢)# 0 va xuét phat tir diém A(x,:y,:2,) E/
(H.5.26).
a) Héi vat thé chuyén déng trén duwdng thang nao (chi ra diém O "
ma né di qua va vecto chi phwong clia dwong thang d6)? ] y
b) Gia s( tai thdi diém t (f > 0) tinh tlr khi xuét phat, vat thé & /
vitri M(x; y; 2). Tinh x, y, ztheo a, b, ¢, X,, ¥,, Z, vat. Hinh 5 26

rTn:::'ng khéng gian_ Oxyz, cho dwong thang A di qua diém A(X,; Y. 2,) va co vecto chi |
phuong u = (a; b; ¢). Hé phrong trinh:r

X=X, +at

y=y,+Dbt

Z=2,+ct

.

dwoc goi la phuong trinh tham sé cta dwong thang A (£ 1a tham sb, t < R).

Chay )
X=X, +at

» \VGicac sb a, b, c khong déng thoi bang 0, hé phueong trinh < y =y, + bt (t € R) xac dinh mét
| Z=2Z3+Cl

dwéng thang di qua diém M(x,; v, z,) va co vecto chi phuong u = (a; b; ¢).

» Tw phwong trinh tham s6 clia dwong thang, mbi gia tri clia tham sé twong (rng véi mot
diém thudc dwong thang d6 va nguoc lai.

) Vidu 2. Trong khong gian Oxyz, cho duwong théng A:dy =1

a) Hay chi ra mét diém thudc A va mét vecto chi phuc;ng cua A.
b) Viét phwong trinh tham s6 cla dwéng thang A' di qua A(2; 1; 0) va cé vecto chi phuong

=(3,0; 2).
Giai (x =-1+3t
a) Do A c6 phuwong trinh <y =1+ 0t
z=0+2t
nén diém M(-1; 1; 0) thudc A va (3; 0; 2) 1a mét vecto chi phwong cla A.

(x =2 +3s

b) Pudng thang A' c6 phuong trinh tham sé1a <y =1
ZF=28




(x=2+1
) Ltuyén tdp 2. Trong khéng gian Oxyz, cho dwong thang A: 4y =3t
Z=1+1.

a) Hay chi ra hai diém thudc A va mét vecto chi phwong cla A.
b) Viét phwong trinh tham s6 clia dwéng thang di qua géc toa ddé O(0: 0: 0) va c6 vecto chi
phuong v =(1 3;1).
c) Phuwong trinh chinh tac cia duéng thaﬂug
» w0z, Hinh thanh khai niém phwong trinh chinh tac cua dwong thang

Trong khéng gian Oxyz, cho dwdng thang A di qua diém A(Xy; Yor Z,) vaco vecto chi phuong
u=(a; b;c) (a, b, clacac so khac 0).

a) Diém M(x; y; z) thudc A khi va chi khi hai vecto: AM = (x — X,; ¥ - ¥,; 2 2,)va G =(a; b; ¢)
¢6 moi quan hé gi?

b) Diém M(x: y. z) thudc A khi va chi khi cac sé 2~—20 & ;y o 27% 6 méi quan hé gi?
d C

e N
Trong khéng gian Oxyz, cho dwong thang A di qua diém A(x,; ¥, Z,) va co vecto chi
phwong u =(a; b; c) v&i a, b, ¢ la cac s6 khac 0.

Hé phwong trinh:
2L 4 X=X _Y—¥% Z-%4
a b c
dwoc goi la phwrong trinh chinh tac ctia dwdng thang A.
X )
& - - 2 X X —1 y Z + 2
» Vidu 3. Trong khéng gian Oxyz, cho duong thang A: > = 3 = —
Hay chi ra mét diém thudc A va mét vecto chi phwong cia A.
Giai
Puong thang A co phwong trinh XT_1 = y_;fl . _2_2) nén diém A(1; 0; —2) thudc A va
d =(2; 3; 1) la mét vecto chi phwong cla A.
x+1 y-1 z

J Luyén tip 3. Trong khéng gian Oxyz, cho dwong thang A:
mot vecto chi phuong ciia A va hai diém thudc A.

—2 Hay chira
1 "5

) Vi du 4. Trong khong gian Oxyz, viet phwong trinh tham s6 va phwong trinh chinh tac cla
dudng thang A di qua diém M(1; —2; 4) va cé vecto chi phuwong u = (3; -5: 1).
il x=1+3t
Pudng thang A cd phuwong trinh tham s6é 1a: < y = -2 -5t va co6 phwong trinh chinh tac la:
Z=4+t

x-1 y+2 z-4
3 -5 1




) Luyén tip 4. Trong khéng gian Oxyz, viét phwong trinh tham sé va phwong trinh chinh tac

cla duwdng thang A di qua diém A(2;
) Vidus. Trong khéng gian Oxyz, viét

—1; 0) va co vecto chi phwong u =(-1, 2; 3).

phwong trinh tham sé clia dwéng thang A di qua diém

M(-1; 4; 5) va vudng goc véi mat phang (a) : 3x + 2y = 0.

Giai

Ma&t phang (o) c6 vecto phap tuyén i = (3; 2; 0). Gia ctia A = (3; 2; 0) va A cung vudng goc
v&i () nén chung trung nhau hoac song song véi nhau. Do d6 A nhan n = (3; 2; 0) lam mot

vecto chi phwong.

Vay A ¢é phwong trinh tham sé 1a: -

Xx=—1+3t
y=4+2t
Z=5,

Nhan xét. Budng thang A trong Vi du 5 khéng ¢d phwong trinh chinh tac.

) Luyén tdp 5. Trong khong gian Oxyz, viét phwong trinh tham sé cla dwong thang A @i qua
diém M(2; —1: 3) va vudng gbc v&i mat phang (Oyz).

d) Lap phuong trinh dwong thang di qua hai diém
) #94. Lap phwong trinh dwéng thang di qua hai diém

Trong khong gian Oxyz, cho hai diém phan biét A (x,; v, z,), A (X ¥s 25).

a) Hay chi ra mét vecto chi phuwong

clia dwdng thang AA..

b) Viét phuong trinh dwdng thang A A,

tac la:

rTrv:.:'-n{_:; khong gian Oxyz, cho hai diénj phan biét A (x;; v z,) va A, (X, Vo z._,).Bwﬂ*ngW
thang AA, co vecto chi phuong AA, = (X, — X Vs — ¥y Z,—Z).

« Duwong thang A A, co phuong trinhtham sé la: {y =y, + (¥, — v, )t (teR).

» Trong tredng hop X, # X,, ¥, # ¥,, Z, # Z, thi dwong thang A A, c6 phwong trinh chinh

X=Xy _Y=¥ Z£-4

BES 2N A A

z=2z+(Z, — 51

Y

Ko —=Xy Ya—)s &4

=]

’

) Vi du 6. Trong khéng gian Oxyz, viét phwong trinh tham s6 va phwong trinh chinh tac caa

dudng thang di qua hai diém A(1: 2;

-1) va B(2; 4; 0).

Pudng thang AB di qua A(1; 2; —1) va cé vecto chi phuong AB=(12;1). Do dé AB cb

Giai
(x=1+1
phuwong trinh tham sd 1a {y =2+ 2t
(Z=-1+1

1 y-2 z+1
- R

va c6 phwong trinh chinh tac 1a x;

) Luyén tip 6. Trong khong gian Oxyz, viét phwong trinh dwong thang di qua hai diém

A(2; 1; 3) va B(2; 4; 6).



9 Vindung 1. (H.5.27) Trong tinh huéng mé dau hay thuwe hién
cac bwdoc sau va tra 101 cau hoi da duwoc néu ra.

a) Viét phwong trinh tham sé clia dwdng thang MN.

b) Tinh toa dd giao diém D cia duwdng thang MN véi mat
phang (Oxy).

c) Héi diém D cd nam gilra hai diém M va N hay khéng?

Hinh 5.27

2. HAl PUONG THANG VUONG GOC

) #os. Tim diéu kién dé hai dwong thiang vudéng géc véi nhau
Trong khéng gian Oxyz, cho hai dwdng thang A, A, twong ting
cb vecto chi phuwong 1, =(a,; b; ¢,), u, =(a,; b,; c, ).

a) Hai duwdng th_éng A, va A, vudng goc voi nhau khi va chi khi
hai gia cua u,, u, c6 mdi quan hé gi? I

b) Tim diéu kién dbi véi u, u, & A, va A, vubng goc voi nhau. Hinh 5.28

— —

) = .
Trong khong gian Oxyz, cho hai duong thang A,, A, tuong tng co vecto chi phuong
u,=(a; b; c,), u, =(a,; b,; c,). Khi do:

A, LA, mE-FE:Um@% +bb, +¢.c, =0.
\ J

» Vi du 7. Trong khdng gian Oxyz, chirng minh rang hai dudng thang sau vudng goc véi nhau:

x=1+2t X=2+s
Ajiqy=-1-3t, A,:qy=1-2s
(Z=2~1 Z=3+88.

Giai
Cac dwong thang A,, A, twong rng co vecto chi phuong u, = (2 -3; 1), u, = (1 -2; 8).
Do u,-t, =2-1+(-3)-(-2)+(-1)-8=0 nén A, L A,.

x-1 y z-1

) Luyéntip 7. Trong khong gian Oxyz, cho dwdngthang A . Hoi dworng thang A

¢ vudng goéc voi truc Oz hay khong?

) Vin dung 2. Tai mét nut giao théng cé hai con dwéng. Trén thiét ké, trong khong gian Oxyz,
hai con duwdng do6 twong (rng thudce hai dwéng thang:

(X =2+t X =1-28
Ay =1+F, A, qy=25
z=0 | Z=1],

Hoi hai con dwong trén co vudng goc voi nhau hay khong?



3. VI TRi TUONG D0I GITA HAI PUONG THANG

) no6. Xac dinh vi tri twong déi gitra hai dwéng thang
Trong khéng gian Oxyz, cho hai dudng thang A., A, lan lvot di
qua cac diem A (x..y.:z), A(x,¥.;Z) va twong (rng co vecto
chi phwong u, = (a;; b;; ¢,), u, =(a,; b,; ¢,) (H.5.29).

a) Tim diéu kién ddi voi u, va u, dé A, va A, song song hoac
trung nhau.

b) Gidstr|u, u, |#0vaAA, -[u, u, |=0thi A,vaA, c6 cét nhau
hay khong?
c) Gidstr AA, -[u{, u, :| # 0 thi A, va A, ¢6 chéo nhau hay khéng?

Hinh 5.29

Trong khéng gian Oxyz, cho hai dwdng thang A,, A, 1an lwotdi qua cac diém A, (x; v, Z,),

A, (X,; ¥»; Z,) vatwong trng c6 vecto chi phuong u, =(a; b;; ¢,), U, =(a,; b,; ¢, ). Khi do:
e AJIA, < u, cung phuwong véi u, va A ¢ A,.

« A, =A, < u, cing phuong véi u, va A A,

el [l

A—A?Fl[u_;“_*z A A, '[U‘PUEJ:D‘

. A, va A, chéonhau < AA, -|u,u, |#0.

-

« A, va A, catnhau < -

B _.J

» Vi du 8. Trong khéng gian Oxyz, chirng minh rang hai dwéng thang sau vudéng goéc véi nhau
va chee nhau:

=3 ¥ X—4 +1  z
A iqy=2-t va;: 3 :F1 :—T
z=-1+21

Giai
Puong thang A, di qua diém A.(1 2; 1) va cb vecto chi phuong u, = (1 -1 2).
Puéng thang A, di qua diém A, (4: —1,0) va cé vecto chi phwong u, =(3: 1 -1).

Viu, -u,=1-3+(-1)-1+2-(-1)=0 nén u, vudng géc véi u,. Do 6 A, vudng goc véi A,.
Taco AA, =(3,-3,1) va [u,u, |=(-17; 4).
Do AA, | u,u, |=3-(~1)+(-3)-7+1-4=-20+0 nén A, va A, chéo nhau.

) Luyén tip 8. Trong khéng gian Oxyz, chirng minh rang hai dudng thang sau song song v&i nhau:
A X ~38._ ¥ 2=

=1 Y=2 X
1 2 3 | ‘

1 -2 3

va A,




) Vi du 9. Trong khéng gian Oxyz, chirng minh rang hai duwéng thang sau cat nhau:

(x =1-1 (x=—6+8
Ajiqy=2+t va A,:qy=5+s
Z=-1+21 |Z=5+2s.

Giai
Puong thdng A, di qua A (1, 2; — 1) va co vecto chi phuong u, = (—1; 1 2). Pudng thang A, di qua
A, (-6, 5, 5) va cé vecto chiphwong u, = (11,2). Tacd AA, =(-7;3;6) va [E@] =(0; 4: -2).

Do AA,-|u,u, |=(~7)-0+3-4+6-(-2)=0 va [y, u, |#0 nén hai dudng thdng A, va A,
cat nhau.

x—1:y+2:z—3
1 1 4

) Luyén tip 9. Trong khéng gian Oxyz, cho hai dwong thang A, : va

A, leq = y1+1 :E. Chirng minh rang:

a) Hai dwong thang A, va A, song song vé&i nhau:;

b) Pwéng thdng A, va truc Ox chéo nhau:
X+2 yt2 zZt+4

¢) Duwdng thang A, trang véi duwdng thang A, : : T

d) Buwdng thang A, céat truc Oz.

Cha v. Dé xét vi tri twong dbi gitra hai dwong thang, ta ciing co thé dwa vao cac vecto chi
phuong va phuwong trinh cta hai dwdng thang dé theo tiéu chuan sau day.

Trong khong gian Oxyz, cho hai duong thang A,, A, twong irng ¢c6 vecto chi phwong
u, =(a;; by; ¢,), u, =(a,; b,; ¢,) va cé phwong trinh tham so:

Xx=x.t+at (X=X, +a,8

Aysy=y,+bt A, sy=VY.+D,8

Z=2z,+Cl, Z=Z,+C, 8.

(X, +a,t=x,+a,s
Xét hé phuwong trinhhaiant s: {y. +bt=y, +b s (*).

Z,+¢,{=2,+C,S$

Khi do:

» A, // Ay <> u, cung phurong véi u, va hé (*) vo nghiém.
* Ay = A, <> Hé (*) co vo sb nghiém.

» A, cat A, <> Hé (*) co nghiém duy nhat.

» A, VA A, chéo nhau <> u, va u, khéng cling phuong va hé (*) vé nghiém.



) Luyén tip 10. Trong khéng gian Oxyz, xét vi tri twong dbi gitra hai dwéng thang:

(x=1+2t (%=
Aicy=3+t vaA,:qiy=1+2s
z=1-t Z=3s.

déi twong tng 1a v, =(2,13),v, =(1,2;1). Héi trong qué trinh

) Vin dung 3. (H.5.30) Trong khéng gian Oxyz, c6 hai vat thé 1an
lwot xuat phat tie A(1: 2; 0) va B(3; 5; 0) véi vecto van téc khéng / /
A B

chuyén dong, hai vat thé trén cé va cham vao nhau hay khéng? Lk &
1

BAI TAP

5.11. Trong khéng gian Oxyz, viét cac phwrong trinh tham sé va chinh tac clia dwong thang
Xx-3 y-1 z+5
1 3

5.12. Trong khdéng gian Oxyz, viét cac phuwong trinh tham so va chinh tac cta dwéng thang
A di qua diém A(2: —1; 4) va vudng goéc voi matphang (P): x +3y—z—-1=0.

A di qua diém A(1: 1: 2) va song song véi duwdng thang d

5.13. Trong khéng gian Oxyz, viét cac phwong trinh tham sé va chinh tac clia dwéng thang A
di qua hai diém A(2; 3; -1) va B(1; -2; 4).

5.14. Trong khéng gian Oxyz, cho hai duwéng thang:

x=1+21 " 5 5
A iy =3-t vé.ﬁz:xi‘ :y; :z; .
z=2+3t

a) Chirng minh rang A, va A, cat nhau.

b) Viét phuong trinh méat phang (P) chira A, va A,

5.15. Trong khéng gian Oxyz, cho hai dwdng thang:

X=1 y-3 z-2

X-1 x+1 2z
A = —

va A, = —py
3 1 2 2T g 1 2

a) Chirng minh rang A, va A, song song v&i nhau.

b) Viét phwong trinh mét phang (P) chira A, va A,

5.16. Trong khéng gian Oxyz, xét vi tri twong déi gilra hai dwong thang:

[x=-1+1 (x=-1+28
Ay =1 va A,:qy=2+s
|Z=3+2t Z="1+3s.




2. 11.

5.18.

Tai moét nut giao thong cd hai con dwong. Trén

thiét ké, trong khéng gian Oxyz, hai con dudng

dé thuéc hai dwong thang lan lwot cé phuwong

trinh:

ﬂ_xu1=y=z+1 X=3 y+1 z

2 =1 3 1 11

a) Hai con duwong trén co vuong goc voi nhau
hay khéng?

va A,

S . ez o= P Hinh 5.31. Hinh anh mdét nat
b) Nut giao thong trén co phai la nut giao thong giao théng khac mirc

khac muc hay khéng?

Trong khdng gian Oxyz, mét vién dan dwoc ban ra tir diém A(1: 3; 4) va trong 3 giay,
dau dan di véi van téc khéng dbi; vecto van tbe (trén gidy) 1a v = (2; 1 6). Hdi vién dan
trén co ban tring muc tiéu trong méi tinh hudéng sau hay khéng?

a) Muc tiéu dat tai diém M[?; 2; 21}.

b) Muc tiéu dat tai diém N(-3; 1; -8).

. Trén mat dat phang, ngudi ta dwng mét cay cét

thang cao 6 m vudng goc v&i mat gat, co chan cot
dat tai vj tri O trén mat dat. Tai mot thoi diém, dudi
anh nang mat troi, bong cta dinh cot dwdi mat dat

cach chan cét 3 m vé huong S60°E (hudng tao véi 2

hwdng nam goc 60° va tao voi hwong dong goc 307)

(H.5.32). Chon hé truc Oxyz cé géctoa dd 1a O, tia Ox a

chi hwéng nam, tia Oy chi hwdng dong, tia Oz chira 0 : =
cay cot, c‘!’ufn vi do la mét. Hay viét phwong trinh B0 - y
dudng thang chira tia nang mat tréi di qua dinh cét S A

tai thdi diém dang xét. X

Hinh 5.32



CONG THUC TINH

GOC TRONG KHONG GIAN

THUAT NGU | KIEN THUC, Ki NANG
»  Go6c gilra hai dwdng thdng i+ Tinh géc gita hai dwong thing, géc gitra dudng thing va mat
. G6c gitra dwdng thing va :  Phang, géc giva hai mat phang.

mat phang -+ Van dung kién thirc vé goc vao mét s bai toan lién quan dén
»  Goc giira hai mét phang thue tién.

M&ét mai nha hinh tron dwoc dat trén ba cay cét tru
(H.5.33). Céac cay cot vudng goc voi mat san nha phang
va co dd cao lan lvotla 7m, 6 m, 5m. Ba chan cét la ba
dinh clia mét tam giac déu trén mat san nha véi canh dai
4 m. H6i mai nha nghiéng so voi mat san nha mot goc
bao nhiéu do?

Hinh 5.33
L 1. CONG THUC TiNH GOC GIUA HAI PUONG THANG
) 1#91. Tim méi quan hé cua géc giira hai dwdng

thang va géc gilra hai vecto’ chi phwong

Trong khong gian Oxyz, cho hai duwong thang
A va A' twvong rng ¢d cac vecto chi phuong
u=(a; b;c), u'=(a" b-c’)(H534).

a) Hay tim méi quan hé gilra cac goc (A, A") va
(4, u').

b) Coé nhan xét gi vé moi quan hé gllj"ﬂ Hinh 5.34
cos (A, A) va ‘ms(ﬁ, E;)‘?

Trong khéng gian Oxyz, cho hai dwdng thang A va A’ twong rng ¢o6 vecto chi phuong
u=(a; b;c), u'=(a"b"c'). Khido:

cos(4,4") =cos (a, )| = jaa’+ bb'+cc’

Na® +b? +¢? .\a? +b"? + 0"




) Vi du 1. Trong khédng gian Oxyz, tinh géc gilra hai dwdng

thang: Trong bai hoc nay, néu
(x=1+1 (x=1+2s khéng néi gi thém, ta quy
s g Ty T woc tinh goc theo don vi dd
Aiqy=-l+tvadijy=-2+2s va lam tron dén chir s6 thap
z=3 zZ=4+s. phan thir nhat.
Giai

Hai dirong thang A va A’ twong (rng 6 cac vecto chi phirong
g=01:1:0). 0" ={2:2:1).. Khi 3o

1-2+1-2+0-1 22

cos(s, &')=|oos(@, i) = VPP +0? yJ22422 4 3

Vay (A, A) =19,58°.

) Luyén tdp 1. Trong khéng gian Oxyz, tinh géc gitra truc Oz va dwong thang
i Xx—3 _ y+1 _ z—1.
1 2 -2

2, CONG THUC TiNH GOC GIUA BUONG THANG VA MAT PHANG

) #02. Tim méi quan hé cua géc gitka dwéng thang va mit phang A A
v&i goc gitra vecto chi phwong va vecto phap tuyén twong wng N

i
tn
Trong khdng gian Oxyz, cho dwong thang A va mat phang (P). Xét
U=(a; b, c) la mét vecto chi phwrong clia Ava n=(A; B; C) (voi gia / L N /
P

A") 1a mét vecto phap tuyén cua (P). (H.5.35)
a) Hay tim mdi quan hé gilra cac géc (A, (P)) va (A, A).

b) C6 nhan xét gi vé moi quan hé gilra sin (A, A) va ]GDS{.'J, ﬁ_)‘? Hinh 5.35

r \

Trong khéng gian Oxyz, cho dwéng thang A cé vecto chi phwong U = (a; b; ¢) va mat phang
(P) co vecto phap tuyén n = (A: B: C). Khi dé:

. o |aA + bB + cC
sin(4, (P)) =|cos(d, n)| = ————-——.
| | Na +b° +¢2 A2 +B* +C?
» Vi du 2. Trong khdéng gian Oxyz, tinh géc tao boi truc Ox va mat phang (P) - J2x - y+z+2=0.

Giai
Truc Ox c6 vecto chi phwong i = (1; 0; 0), mat phang (P) co vecto phap tuyén ri = (vV2; —1; 1).
Ta co:

1-v2+0-(-1)+0-1 2

sin(Ox,(P)) = =
JP 407+ 07 J(JE) fR 4R 2

Vay Ox tao voi (P) goc 45°.

') Luyén tip 2. Trong khéng gian Oxyz, tinh goc gitra dwdng thang A va mat phang (P), voi:

X+2 y-4 z+1
-1 2 1

A

, (P):x-y+z-1=0.



) noz. Tim mbi quan hé cua géc giira hai mat phdng va géc giira

3. CONG THUC TiNH GOC GIUA HAI MAT PHANG

hai vecto phap tuyén

Trong khéng gian Oxyz, cho hai mat p_rjéng (P), (Q) twong t'ngcocac | A N
vecto phap tuyén la A = (A; B; C), n' = (A" B" C). Lay cac duwong | A
— nl

thang A, A'twong (rng cé vecto chi phwong A, n'. (H.5.36) N
a) Goc gitra hai mat phang (P) va (Q) va goc gilra hai dwdng thang Q
A va A'cé mbi quan hé gi? B
P
b) Tinh césin ctia géc gilra hai mat phang (P) va (Q). Hinh 5.36

~

] Trong khong gian Oxyz, cho hai mat phang (P), (Q) twong rng cé cac vecto phap tuyén
lan=(A; B;C), n =(A" B C). Khi do, géc gitra (P) va (Q), ki hiéu la ((P), (Q)), duoc
tinh theo coéng thuc:

— oS |JAA" + BB’ + CC|
GGS{(P}, (Q}) :|G"I}S(“rﬂI )‘ 7 JAE +BE _I_CE .JAIE i BJE _I_CiE |
L r

» Vi du 3. Trong khéng gian Oxyz, tinh goc gilra hai mat phang (P) : x + 2y + 2z - 1 =0va

(Q): x+y-z+1=0.
Giai
Cac mat phang (P), (Q) twong (rng co cac vecto phap tuyénla n = (1; 2: 2), n' = (1; 1; -1).
1-1 A+ 2-(-1
Ta co6: cos((P), (Q))=— L Tea b2 o) :ﬁ.
R e, o, BT
Do do ((P), (Q)) = 78,9

)) Luyén tip 3. Trong khong gian Oxyz, tinh géc gitra hai mat phang (P) : x - y2y+z-2=0va

(Oxz):y=0.

» Vidu 4. Trong khéng gian Oxyz, cho A(O; 0; 4), B(0; —=3; 0), C(0; 3; 0), D(3; 0; 0). Tinh géc

gitra hai mat phang (ABD) va (ACD).
Giai (H.5.37)

Mat phang (ABD) cé cap vecto chi phuong la BD = (3; 3; 0)
va AD = (3; 0; -4).

Suy ra (ABD) c6 vecto phap tuyén | BD,AD | =(-12;12; -9).
Do d6 n = (—4; 4;-3) clng la vecto phap tuyén cta (ABD).
Ma&t phang (ACD) cé cap vecto chi phwong 1a AC = (0; 3; —-4)
va AD = (3; 0; -4). Suy ra (ACD) c6 vecto phap tuyén la
| AC,AD | = (-12; -12: -9) . Do @6 m = (4 4: 3) ciing 1a vecto
phap tuyén cla (ACD).

Hinh 5§37



Goi o la géc gitra hai mat phang (ABD) va (ACD). Khi dé:
]—4~4+4-4+(—3)~3| 9

J4F +47 + (3 a2 147 +37 41

CoS @ =‘cus(ﬁ,r71)‘ =

Vay ¢ =77,3°.

') Vén dung. Hay tra |01 cau héi da dwoc néu ra trong tinh hubéng mé dau.

BAI TAP
5.20. Trong khéng gian Oxyz, tinh géc gilra hai dwdng thang:
(x =142t
A sy=1-t va &E:X_—12_XT-I—‘|_2;2
z=2+3t

5.21. Trong khéng gian Oxyz, tinh goc gitra truc Oz va mat phang (P) : x +2y -z - 1=0.
x+1 y-3 z42
- 2 3

5.23. Kim tw thap Kheops ¢ Ai Cap c6 dang
hinh chép S.ABCD, c6 day la hinh vudng
véi canh dai 230 m, cac canh bén bang
nhau va dai 219 m (theo britannica.com)
(H.5.38). Tinh géc gitra hai mat phang
(SAB) va (SBC).

5.24. (H.5.39) Trong mdt bé hinh lap phwong
canh 1 m co chwra mot it nwdc. Nguo
ta dat day bé nghiéng so véi mat phang
nam ngang. Biét rang, luc d6 mat nudc

vamatphang (P): x+y+z+3=0.

5.22. Tinh gbc gilra dwéng thang A

cédang hinhbinh hanh ABCDvakhodng . = = “‘"%*
céch tir cac diém A, B, C dén day bé — TSRk
twrong ng la 40 cm, 44 cm, 48 cm. Hinh 5.38. Kim tu thdp Kheops

a) Khodng cach tir diém D dén day bé bang bao nhiéu centimét? (Tinh gan dung, lay
gia tri nguyén.)

b) Day bé nghiéng so véi mat phang nam ngang mét goc bao nhiéu do?

Hinh 5.39




PHUONG TRINH MAT CAU <<<

THUAT NGO | KIEN THUC, Ki NANG
»  Phwong trinh mét cau .+ Nhan biét phuong trinh mét cAu.

« Tamvabankinh ciamatcau : + Xacdinh tdm va ban kinh mat cau khi biét phwong trinh.
i « Lap phwong trinh mat cau khi biét tam va ban kinh.

+ Van dung kién thirc v& phwong trinh mat ciu dé giai
quyét mot s6 bai toan lién quan dén thuc tién.

Bang trng dung Google Maps, thuc
hién phép do khoang cach trén bé
mat Trai Dat tee vi tri 10°N, 15°E dén

vi tri 80°N, 70°E ta sé dwoc khoang
cach 8271,74 km (H.5.40). Co so¢
toan hoc cho viéc thiét lap phan
mém tinh cong thirc khoang cach
trén bé mat Trai Dat 1a gi?

| 1. PHUONG TRINH MAT CAU

Ma&t cau tam / ban kinh R (R > 0) la tap
cac diém trong khéng gian cach / moét
khoang bang R.

Do kmalng cich
Wi Wl iy SR 32 Phides yao oo dnong cis has

Tilmg knodng clo B 37074 w6 il (5. T3A2 aden)

LT i —
Mot diém M dwoc goi la nam trong mat Hinh 5.40. Bo khoang cach trén bé mat Tréi Dét
cau tam / ban kinh R néu IM <R va bang Google Maps

duoc goi la ndm ngoai mat cau d6 néu IM > R. Méi dwéng thang di qua tdm méat cau déu cat
mat cau tai hai diém phan biét, doan thang ndi hai diém dé dwoc goi la mdt dwong kinh cla
mat cau. Méi duwdng kinh clia mat cau déu co trung diém |a tdm mat cau va cé dd dai bang
hai lan ban kinh mat cau.

J 1o, Tim phwong trinh mét cau biét tam va ban kinh

Trong khéng gian Oxyz, cho mat cau (S) tam l(a: b: ¢) c}
ban kinh R (H.5.41). Khi @6, mot diém M(x; y; z) thude
mat cau (S) khi va chi khi toa d6 ctia né thod man diéu

Z4
= M(x; y: 2)

kién gi? s
" Trong khong gian Oxyz, mat cau (S) tam /(@: b; c) T '_,D >
ban kinh R co phwong trinh .-
¢ (K=B) H =0 Hia-e) = o Hinh 5.41

"-.: W e N N
S _."‘\:5;1'?:* Q}\““w
s, o



Chuy
— Diém M(x; y; z) nam trong mat cau (S) néu

(x-a)’ +(y-b)’ +(z-c) <R~
— Diém M(x: y; z) nam ngoai mat cau (S) néu

(x-a)’ +(y-b) +(z-¢) >R

) Vi du1. Trong khéng gian Oxyz, cho mat cAu (S) cé phuong trinh (x —1)° +(y +3)" + 2% = 5.
a) Xac dinh tam va ban kinh cua (S).
b) Héi goc toa dd O(0; 0; 0) nam trong, nam ngoai hay thuéc mat cau (S)?
Giai
a) Taviétlai phuong trinh ctia mat cau (S) dudi dang: (x —1)° +[y —(-3)] +(z-0)* = (JB)'.
Vay mat cau (S) c6 tdm /(1 —3; 0) va ban kinh R = J5.

b) Ta c6 Of° = (0- 1} +(0+ 3) +(0— U) =10>5=R". Do d6, goc toa 3 O(0; 0; 0) nam
ngoai mat cau (S).

) Luyén tip 1. Trong khdng gian Oxyz, cho mét cau (S) ¢6 phurong trinh

(x +2)E +y° +(z+l] :E.
\

2 4
a) Xac dinh tdm va ban kinh cua (S).
b) Héi diém M(2; 0; 1) nam trong, nam ngoai hay thuéc mat céu (S)?

Y Vidu 2, Trong khﬁng gian Oxyz, viét phuwong trinh mat cau (S) trong cac trwéng hop sau:

a) Tam f( 0 =3 | ban kinh F.’_4
b) Buwdng kinh AB, vol A(1: 2; 1) va B(3; 1; 5).
Giai
a) Mt ciu (S) ¢ tam f[%; 0 —3] va c6 ban kinh R :% nén c6 phuong trinh:

[x —%T +(y-0) +(z+3) = [%T hay (S): [H—%T +y? +(z+3)° =%.

b) Doan thang AB c6 trung diém la J (2; %; 3].

Mat cau (S) co tam J va ban kmhR-EAB-—\/:% )" +(1-2) +(5-1) —g.

2
Do d6 (S):(x-2)° +(y _;) +(z-3) = £
) Luyén tip 2. Trong khéng gian Oxyz, viét phwong trinh mat cau (S) trong céc trwdng hop sau:
a) Tam la gbc toa dd, ban kinh R = 1.
b) Buwong kinh AB, voi A(1; -1, 2), B(2; -3; —1).



) Vi du 3. Trong khéng gian Oxyz, cho (S) la tdp hop céac diém M(x; y; z) c6 toa dd thod man

phwong trinh:
X>+y*+2° -2x+4y—-6z—-2=0.
Chirng minh rang (S) la mét mat cau. Xac dinh tam va ban kinh ctia mat cau doé.
Giai
Ta viét lai phuwong trinh da cho dwéi dang:
(S): (x> -2x +N+(y* +4y +4)+(z° -6z+9) =16
hay
(S): (x=1)°+(y+2)° +(z-3)° =4"
Vay (S) Ia mat cau co tdm /(1; -2; 3) va ban kinh R = 4.

) Luyén tip 3. Trong khéng gian Oxyz, cho (S) 1a tap hop cac diém M(x; y; z) cb toa dd thoa

man phwong trinh:
(S): x* +y*+2° —4x+6y-12=0.
Chirng minh rang (S) 1a mét mét cau. Xac dinh tam va ban kinh cla mat cau dé.
Nhan xét. V@i a, b, ¢, dla cac hang s, phwong trinh x? +y? + 2> —2ax —2by —-2cz+d =0
2

co thé viét lai thanh (x —a)’ +(y —b) +(z-¢c)’ =a’+ b’ +c* —d va la phrong trinh cta

moét mat cau (S) khi va chi khi @ +b* + ¢ —d >0. Khi do, (S) cé tam /(a; b; ¢) va ban kinh

R=yJa’+b’+c?—d.

» Vi du 4. Trong khéng gian Oxyz, phwong trinh nao trong cac phuwong trinh sau la phwong

trinh clia mét mat cau? Xac dinh tam va ban kinh clia mat cau irng véi phwong trinh d6.

a) x)+y*+z2*-2x+3y-8z+100=0.

b) f+y2+z?—4x+5y*2z~%:0.

c) X’ +y*+z° -2xy+6y-9z+10=0.

Giai

a) Phwong trinh da cho twong ing voia=1 b = —§, c=4,d =100. Trong trr&ng hop nay,
a’+b’+c’-d=1 +-§-+16 -100<0. Do @ phl.fn*ng trinh da cho khéng phai la phuong
trinh cia mét mat cau.

b) Phwong trinh da cho twong iing véi a=2, b= —vg, it [ 5 —%. Trong trueéng hop nay,

a+b*+e*-d=4 +%+ 1+%: 12 > 0. Do d6 phwong trinh d& cho la phwong trinh cla

mat cau cé tam 1(2; --g; 1} va ban kinh R =12 = 24/3.

c) Phwong trinh da cho khéng phai la phwong trinh ca mét mat cau vi xuat hién —2xy trong
phuong trinh.

) Luyén tép 4. Trong khéng gian Oxyz, cho méat cau (S) cé phuong trinh:

56

x> +y?+2° +4x—5y+62+-%5~:0.
Xac dinh tam va ban kinh cua (S).



2. MOT SO UNG DUNG CUA PHUONG TRiNH MAT CAU TRONG THUC TIEN

Trong mé hinh todan hoc, bé méat Trai Dat 1a mat cadu véi ban kinh 6 371 km (theo:
science.nasa.gov/earth/facts/). Méi kinh tuyén la mét nira dwdng tron cé dwdng kinh la truc
cla Trai Dat (doan thang ndi cwc Bac N va cuc Nam S). Kinh tuyén gbc la kinh tuyén di
qua Pai Thién van Greenwich & London. Mat phang chlra kinh tuyén gbéc chia Trai Dat
lam hai ntra la ban cau Déng va ban cau Tay, nwdc ta nam & ban cau Péng. Kinh dé cla
mét diém P trén bé mat Trai Dat 1a sé do cla goc nhi dién cd hai mat twong (rng chira
kinh tuyén géc va kinh tuyén di qua P (canh cta géc nhi dién nay 1a duong thang chira
truc Trai Dat). Kinh d6 nhan gia tri trong doan
ttr 0°dén 180°. Vi dd cla diém P la sé do
chia gbc gilra mat phang chira dwdng xich
dao va dwong thang di qua P va tam O cua
Trai Bat. Vi d6 nhan gia tri trong doan tr 0°
dén 90°. Méi diém trén bé mat Trai Dat thudc
mét trong hai ban cau Bac hoac Nam va
thuéc mét trong hai ban cau Bbng hoac Tay.
Vi vay, di kém v&i vi do, con co chir E hoac W
néu vi tri do twong rng thudc ban cau Hoéng
hay ban cau Tay va cé chlr N, S néu vi tri do
twong (rng & ban cau Bac hay ban cau Nam
(Hinh 5.42). Chang han, hdé Hoan Kiém
(Ha N&i) & vi tri: 21°01'51"N, 105°51'09"€ ~ Kinhtuyéngoc  Xich dao
(theo: maps.google.com). Vi tri tren mat dat Hinh 5.42
hoan toan xac dinh khi biét vi do va kinh doé

(bao gdbm cacacki hiéulN, S, E W).

Trong bai hoc nay, ta xét Trai Dat trong khéng gian Oxyz, véi O |a tam Trai Pat, tia Ox
chira giao diém cla kinh tuyén gbc va xich dao, tia Oz chira diém cuc Bac N, tia Oy giao
xich dao tai diém thudc ban cau Déng, 1 don vi dai trong khéng gian Oxyz twong rng vOi
6 371 km trén thuc té&. Nhu vay, trong khéng gian Oxyz, bé mat Trai Dat coé phwong trinh:
X*+y:+2° =1.

Néu biét vi dd va kinh dd cta mét vi tri trén mat dat thi toa dé clia né trong khéng gian
cling dé dang dwoc xac dinh va ngwoc lai. Chang han, vi tri P c6 vi do, kinh 6 twong (rng
la a°N, B°E (0<a <90, 0<<180) co toa d6 P(cosa’cosf cosa’sinfe; sina®)(H.5.43),
vi tri Q ¢6 vi dd, kinh d@d twong ng la a°N, B°W(0<a<90,0<B<180) thi c6 toa dd

Q(cosa’cosP° —cosa’sin B sina®)(H.5.44). Za
74
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Ung dung Google Maps cho phép xac dinh khodng G&eh gy yge: Trong phén nay.
gitra hai vi tri trén bé mat Trai Dat khi biét vi 6 va kinh dé két qua phép tinh dwoc lam
cla ching. Khoang cach gilra hai vi tri P va Q trén bé mat  tron dén chir s6 thap phéan
Trai Dat 1a do dai cung nhé PQ clia dwong tron cotam Ova  thi tw sau dau phay.

di qua hai diém P, Q. Cung tron néi trén la dwdng di ngan
nhat trén bé mat Trai Dat tir P dén Q. Trong vi du sau day,
ta sé tinh khoang cach gilra hai vi tri d&@ dwoc néu ra trong
mé dau bai hoc.

) Vi du 5. Biét rang néu vi tri M c6 vi 6 va kinh dé twong rng la a°N, B°E (0 < a < 90,
0 < B <90) thi cd toa 6 M(cosa°cosp®, cosa’sinp?; sina®). Tinh khoang céch trén mat dat
tr vi tri P: 10°N, 15°E dén vi tri Q: 80°N, 70°E.

Giai
Taco
P(cos10°cos15%cos10°sin15%sin10°), Q(cos80°cos 70%cos 80° sin70°% sin80°).
Suyra
OP =(cos10°cos 15%cos 10°sin15°%sin10°), OQ = (cos 80°cos 70° cos 80°sin70° sin80°).

Do do

OP.0Q =cos10°cos15°co0s80°cos 70° + cos10°sin15°cos 80°sin70° + sin10°sin80°
~0 2691,

Vi P, Q thudéc mat dat nén |@.5|=[(_}Ej‘ o

Do do CGEPE-E? = OE'OQ.
(o)=Hlole]

~0,2691. Suy ra POQ ~ 74,3893°,

Mat khac, duwdng tron tam O, di qua P, Q ¢é ban kinh 1 va chu vi la 2n ~ 6,2832, nén cung
743058 6,2832 ~ 1,2983.

nhé PQ cuia dwdng tron do co dd dai xap xi bang
Do 1 don vi dai trong khéng gian Oxyz twong &ng véi 6 371 km trén thuc té, nén khoang
cach trén mat dat gilra hai vi tri P, Q xap xi bang 1,2983-6371=8271,4693 (km).

) Luyén tip 5. Tinh khodng céch trén mat dat tir vi tri A 1a giao gilra kinh tuyén gbc véi xich dao
dén vi tri B: 45°N, 30°E.

) Trai nghiém. Trén Google Maps, thuc hién phép do khoang cach tir vi tri 0°N, 0° E dén vi tri
45°N, 30°E va so sanh v&i két qua tinh dwoc & Luyén tap 5.
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5. Trong khéng gian Oxyz, cho mat cau (S) cé phwong trinh (x - %} + ( y +'I)E +z°=9.

Xac dinh tdm va ban kinh cua (S).

Trong khéng gian Oxyz, viét phwong trinh cliia mat cau (S) cé tam /(-2 0; 5) va ban
Kinh R=2.

. Trong khéng gian Oxyz, viét phwong trinh ctia mét cau (S) co6 tam /(0; 3; —1) va cb ban

kinh bang khoang cach tir / d&n mat phang (P) : 3x + 2y -z =0.

Trong khong gian Oxyz, cho méat cau (S) : x° + y° + z° + 2x — 2y + 8z - 18 = 0. Xac dinh
tam va ban kinh cua (S).

29. Trong khéng gian Oxyz, phwong trinh nao trong cac phuwong trinh sau la phwong trinh

mat cau? Xac dinh tdm va ban kinh clia mét cau (rng véi phwong trinh do.
a) x*+y*+2z°-2x-5z+30=0; b) x* +y*+2° -4x+2y-2z=0;
c) X’+y°+2° —2x+6y—-9z-10=0; d x*+y*+z°+5=0.

30. Trung khong gian Oxyz, mot thiét bi phat snng dat tai vi tri A(2 0; 0). Vung phu song

cua thiét bi co6 ban kinh bang 1. Hoi vi tri M(2: 1: 1) co thudc vung phu séng cua thiét bi
noi trén hay khong?

Em co biét?

Hé théng dinh vi toan cdu GPS (Global Positioning System) dwoc van hanh bdi chinh phi Hoa Ky,
bét ki ai co thiét bi thu GPS déu co6 thé truy cap dé sir dung mién phi.

GPS hoat ddng bang cach truyén tin hiéu tir mang Iwei
cac vé tinh quay quanh Trai D4t dén thiét bi thu GPS trén
mat dat. B thu GPS str dung tin hiéu nhén dwoc dé xac
dinh khodng cach ttr thiét bi d6 dén cac vé tinh. Khoang
cach dwgc xac dinh théng qua théi gian truyen tin va
van iﬂctm hiéu. Van toc tin hiéu bang van tdc anh sang,
do dé, van dé quan trong nhat con lai Ia xac dinh dwoc
chinh xac th&i gian truyén tin hiéu. Ma6i vé tinh GPS ¢6
mot déng hd nguyén tir (loai déng hé do théi gian chinh
xac nhat hién nay) dwoc str dung dé do thei gian can
thiét dé tin hiéu GPS truyén tir vé tinh dén may thu. B6
thu GPS ciing c6 ddng ho do thei gian. Viéc ddng bo hoa
déng ho gitra noi phat va noi thu ¢é anh hwéng téi tinh
chinh xac cta phép do.

Cac vé tinh GPS bay theo cac quj’f dao xac dinh, guanh Tr?i Péat, hai vong mbi r:lgéy va & do cao
khoang 20 200 km so v&i méat dat. Do véy, tai moi thdi diém, ngwdi ta ludn biét dwoce vi tri cua
moi vé tinh.

Tinh dén nam 2023, c6 31 vé tinh trong hé thong GPS va ¢ hon 20 vé tinh trong s6 d6 dang
hoat dong. Nhin chung, dé xac dinh vi tri cta thiét bi trén mét dat, can t¢i théng tin khoang cach
tlr thiét bj d6 dén 3 vé tinh. Tai nhirng th&i diém ma cac vé tinh & vi tri dac biét thi s6 vé tinh can
thiét c6 thé it hon hodc nhiéu hon 3. Tuy vay, cang do dwec nhiéu khoang cach dén cac vé tinh,
vi tri ctia thiét bj thu cang dwge xac dinh chinh xac. Quy dao cia cac vé tinh dwoc sap xép sao
cho tai moi thei diém, mai vi tri trén mat dat déu co thé nhin thay it nhat 4 vé tinh trong s6 cac vé
tinh dang hoat déng (va vi vay, thiét bj cd thé nhan dwoc tin hiéu tir cac vé tinh do).

(Theo: nist.gov va globalgpssystems.com)



Toan hoc cho phép thiét lap cong thire xac dinh vij tri cua thiét bj theo vi tri ciia cac vé tinh va
khodng cach twong (rng, nhér dé c¢d thé 1ap trinh tinh toan xac dinh vi tri cla thiét bj. Ta hay xét
mot tredrng hop cu thé sau day:

Trong khdng gian Oxyz, gia st tai mét thoi diém, mét thiét bi GPS xac dinh dwoc khoang cach

tlr N6 téi ba vé tinh A, B, C twong (ng 1a V5, V2, 2. Tai thoi diém d6, cac vé tinh trén & vi tri

co toa dé twong trng 1a A(2:0;0), B(0;2,0), C[U 11, £J Tir thong tin trén, ta hoan toan cd thé

xac dinh toa d6 ciing nhw vi dd va kinh do cua vj tri thiét bj GPS.
»  Gia st tai thoi diém da cho, thiét bi GPS & vi tri P(x;y:2).
Do thiét bj thudc mat dat va PA = /5 nén
X+yr+Z2 =1 (Mva(x-2F+y*+2° =5 (2).
Trir vé theo vé cta (1) va (2), taduocdx -4 =-4. Vay x = 0.
DoPB=+2nénx>+(y-2F+72 =2 (3).

Trir vé theo vé ciia (1) va (3), ta duoc 4y —4 = 1. Vay y - %.
Thay x =0,y = % vao phwong trinh (1), ta dwoc 0° + % +Z25 =1
Suy ra z = ? hodc z = T.ﬁ Kiém tra diéu kién PC = 2, ta thay chi c6 diém F’[O T %J

thoa man.

+ Vjtri Pcua GPS c6 tung dé dwong nén thudc ban cau Dong va cé cao dé dwong nén thudc

ban cau Béc. Goi vi do, kinh do clia P twong trng 1a o°N, B°E (0 <« < 90, 0 < < 180). Khi d6
P(cosa®cosf’; cos a.°sinf sina®).

Mat khac, ta co P[ D;%:g] nén sina® = g Do do a = 41,4096.

Ta c6 cosa® £ 0 va cosa”cosfi® = 0 nén cosf}® =

Vay B =90 va do dé vi tri cia GPS (xap xi) 1a 41,4096°N, 90°E.
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5.31. Trong khéng gian Oxyz, cho méat phang (P): x —2y — 3z + 1=0. Mét vecto phap tuyén
clia mat phang (P) cé toa d6 la
A (123). B. (t-2 3). C. (1 2 =3). D, (f =% =3),
5.32. Trong khéng gian Oxyz, phwong trinh mat phang (P) di qua diém /(1, -1 2) va nhan
vecto i =(2; 1, — 1) lam mét vecto phap tuyén Ia

A. x-y+2z+1=0. B. x-y+2z-6=0.
C.2x+y-z-1=0. D.2x+y-z+1=0.
x*1:y+2:z—3

5.33. Trong khéng gian Oxyz, cho dwdngthangd : . Mot vecto chiphuwong

clia dwéng thang d cé toa d6 1a ‘ 1 —&
A. (1, -2; 3). B. (2; 1, -2). C.2:1:2). D (1 22:8).
[ x=1+2t
5.34. Trong khdng gian Oxyz, cho duwdng thang d:<y = -2 + 1. Mét vecto chi phwong cla
dwéng thang d cé toa dé 1a 7=t
A. (1-23). B. (2,0;0). C.(21-1). D.2: 1)

5.35. Trong khéng gian Oxyz, phwong trinh dwong thang d di qua /(2; -1 1) va nhan vecto
u=(1 2; - 3) lam mét vecto chi phwong Ia

=1 y-2 243 —2 y-1 z=1

A. B. )

2 —1 1 1 2 -3
C'x—2:y+‘|:Z—1_ D‘x—1:y—2:z+3*

1 P -3 2 1 1

5.36. Trong khéng gian Oxyz, cho hai diem A(-10; -1), B(2 1 1). Phwong trinh duong

thang AB la

(X =1+ 3t (X =—1+t
A ly=t B.qy=t

z=1+2t. z=-1+21

(x =2+t (x =—1+3t
C.qy=1+t D.iy=t

z=1+21t. z=-1+21

5.37. Trong khéng gian Oxyz, phuong trinh dwéng thang d di qua /(2; 1, —3) va vudng goc
v&i mat phang (P):x -2y +z—-3=0 la
x-2_y-1_z+3 - x-2 y-1 z-3
1 -2 1 H e T 1°
x—2=y—1=z—3l D_x—zzy—1=z+3.
1 -2 1 1 2 1

A

C.




5.38. Trong khong gian Oxyz, cho mét cau (S) : (x +1)" +y? +(z—-3)" =4. Toa d6 tam / va
ban kinh R cta (S) 1an luot |3

A. 1(10;3), R=4. B./(10;3), R=2.
C./I(-10,3), R=2 D.I(-10;3), R=4.

5.39. Trong khong gian Oxyz, cho mét cau (S): x* +y* +z° -2x +4y +2z-3=0. Toa @6
tam / va ban kinh R cua mat cau (S) lan lwot 12

AT =2 -1), R=8, B. {1t Z1), R=8.
G, !(1; 2, 1), =9 D. 1(1; — 2 -‘I), R=9.
B - TU LUAN

5.40. Trong khong gian Oxyz, cho ba diém A(1 0; -1), B(0; 1 2), C(-1, - 2; 3).
a) Viét phwong trinh mat phang (ABC).
b) Viét phwong trinh dwéng thang AC.
c) Viét phwong trinh mat cau dwdng kinh AC.
d) Viét phwong trinh mat cau cé tam A va di qua B.
X=1+t
5.41. Trong khong gian Oxyz, cho duéngthang d:{y =-2+1
z=4-21.
Viét phwong trinh mat phang (P) chira dudng thang d va goc toa d@d O.

5.42. Trong khéng gian Oxyz, cho mat phang (P): x — 2y + 2z — 1= 0 va hai diém At -1 2),
B(-1 1 0).
a) Tinh khoang cach tir A dén méat phang (P).
b) Viét phwong trinh mat phang (Q) di qua A va song song voi méat phang (P).
¢) Viét phwong trinh mat phang (R) chira A, B va vudng géc véi mat phang (P).

5.43. Trong khdng gian Oxyz, cho diém A(1 0;2) va hai duwéng thang d: :: 4 2—1:2,
x+1 y+2 z-3
d': = = ,
2 2 —1
a) Xét vi tri twong doi cia hai dwéng thang d va d-.
b) Viét phwong trinh dwéng thang A di qua A va song song voi dudng thang d.
¢) Viét phwong trinh mat phang (P) chira A va d.

d) Tim giao diém cta dudng thang d véi mat phang (Oxz).

5.44. Trong khéng gian Oxyz, cho mat phang (P): x -2y -2z-3=0 va duong thang
x-1_y+1 2
R

mat phang (P).

. Viét phwong trinh mat phang (Q) chira d va vuéng goc voi




5.45.

0.47.

2.48.

2.49.

2.20.

2.91.

2.92.

Trong khéng gian Oxyz, cho hai dudng thang:

o x+1_y-1_z va o' x—1:y—2:z+‘l_
1 2 - 11 2
Viét phwong trinh mat phang (P) chira dwéng thang d va song song voi duwéng thang d'.

. Trong khéng gian Oxyz, chohaimatphang (P): x -y -z-1=0, (Q):2x+y—-z-2=0

va diém A(-1 2 0). Viét phuong trinh mat phang (R) di qua diém A déng thdi vuéng
goc véi ca hai mat phang (P) va (Q). o i f

x+2=y;r3=z-—23 vad' :{y=-2+t

Z= 21

Trong khéng gian Oxyz, cho hai dudngthang d :

a) Xac dinh vi tri twong dbi cla hai dwéng thang dva d
b) Tinh goc gilra dva d".

Trong khéng gian Oxyz, tinh géc tao béi duwéng thang d':
phang (P):x+y-2z+3=0.

x+3=y—2:z+1

va mat
-2

Trong khong gian Oxyz, tinh goc gilra mat phang (P): x+y+z-1=0va mat phang
(Oxy).

Tir mat nwéc trong mét bé nuére, tai ba vi tri @6i mét cach nhau 2 m, ngudi ta lan lwvot
tha r:iéy doi dé qua doi cham day bé. Phan Qiéy doi (fhéng} Tném trong nuﬂ:c tal ba vi tri
do lan lwot co do dai 4 m; 4,4 m: 4,8 m. Biét day bé |a phang. Hoi day bé nghiéng so
véi mat phang nam ngang mot géc bao nhiéu d67?

Ban vé thiét ké ciia mot cong trinh dwoc vé trong mét hé truc toa dd Oxyz. San nha
clia cong trinh thudc mat phang (Oxy), dwong 6ng thodt nwoc thang va di qua hai diém
A(1; 2; —1) va B(5; 6; —-2). Tinh gbc tao bdi dwéng 6ng thoat nudc va mat san.

Néu dirng tridc bién va nhin ra xa, ngudi ta sé thay mét dudng giao gitra mat bién
va bau tréi, do la dwong chan tréi doi voi nguoi quan sat (H.5.45a). Vé mat Vat i,
dwdng chan troi la deong gidi han phan Trai Dat ma nguwdi quan sat co thé nhin thay
duoc (phan con lai bi chinh Trai Dat che khuat). Ta ¢é thé hinh dung rang, néu nguoi
quan sat & tai dinh cia mot chiéc non va Trai Dat duwoc “thd” vao trong chiéc nén d@o,
thi dwéng chan tréi trong trwedng hop nay la dwong cham gitra Trai Dat va chiéc nén
(H.5.45b). Trong mé hinh toan hoc, dwédng chan tréi doi voi nguwdi quan sat tai vi tri B
la tap hop nhirng diém A ndm trén bé mat Trai Dat sao cho BAO = 90°, v6i O la tam
Trai Dat (H.5.45c¢). Trong khéng gian Oxyz, gia str bé mat Trai Dat (S) cé phuong trinh
x? +y® +2z° =1 vangudi quan sat & vi tri B(11-1).

Goi A la mét vi tri bat ki trén dwong chan trevi déi voi ngudi quan sat & vi tri B. Tinh
khoang cach AB. B

a)

Hinh 5.45



CHUONG VI
XAC SUAT CO

PIEU KIEN

'thwc co lren quan (cong
thirc nhan xac suat, cong
thirc xac suét toan phan va
céng thirc Bayes). Xac suat
c6 diéu kién la mét cha dé
c6 rat nhiéu (rng dung trong

thuc tién.
XAC SUAT CO DIEU KIEN <<<

THUAT NGO . KIEN THUC, Ki NANG

» Xac suétco didu kien i+ Nhan biét khai niém vé xac suét co didu kién.

«  Cong thirc nhan xac suét +  Nhan biét méi lién hé gilra xac suat co diéu kién va xac suét.
« Bang dir liéu thong ké -+ Van dung cong thirc nhan xac suat cho hai bién c6 bat ki.

2x2 ‘+  Gidi thich y nghia clia xac sut c6 diéu kién trong mét sé

tinh hudng thuc té.

O cira bi mét (Let's Make a Deal) la mét trd choi trén truyén hinh néi tiéng & My, da duoc
mua ban quyén va phat séng & nhiéu nudc trén thé gidi. Néi dung tré choi nhu sau:

« Nguoi choi dwoc mdi 1én san khau va dirng trwdc ba canh cira déng kin. Sau mét canh
cfrg co chiéc 6 t6, sau moi canh clra con lai la mét con Iira. Nguoi choi dwoc yéu cau chon
ngau nhién moét canh clra, nhung khong dwoc mé ra.

« Tiép d6 ngudi quan tro tuyén bé sé mé ngau nhién mét trong hai canh clra ngudi choi
khéng chon ma sau clra doé 1a con lira. Ngwoi quan tré hoi ngudi choi mudn gilr nguyén su
lwa chon ban dau cGa minh hay muén chuyén sang clra chua mé con lai.

Céc kién thirc trong bai hoc nay sé giup ta cho ngudi choi &1 khuyén.

2



1. XAC SUAT CO DIEU KIEN

Trong thuc té, ta thuwdng cap nhat xac suat ciia mét bién ¢ khi biét thém mét théng tin nao dé.

Chang han:

» Tinh xac suét dé ngay mai mwa néu hém nay khéng mua;

. Tinh xac suét dé ban An |a hoc sinh gidi mén Toan néu biét rang An Ia mét hoc sinh gidi
mon Tin;

+ Tinh xac suat dé mét ngudi tho 80 tubi néu ngudi dé da séng dén 60 tudi. (Cac cong ty
bao hiém rat quan tam dén xac suat nay).

) wo1. Hinh thanh khai niém xac suéat cé diéu kién

Trong mét hép kin cd 7 chiéc but bi xanh va 5 chiéc but bi den, cac chiéc but co cung kich
thudc va khéi lwong. Ban Son lay ngau nhién mét chiéc but bi trong hép, khéng tra lai. Sau
dé Tung lay ngau nhién moét trong 11 chiéc but con lai. Tinh xac suat dé Tung lay dwoc but
bi xanh néu biét rang Son da lay dwoc but bi den.

Ta ¢6 dinh nghia sau:

Cho haibién c6 A va B. Xac suat clia bién c6 A, dwore tinh khi biét bien co Bda xayra,
dwoc goi la xac suat clia A voi diéu kién B va ki hiéu la P(A | B).

Xéac suéat co diéu kién co thé dwoc tinh theo cong thirc sau:

r . . . -
Cho hai bién c6 A va B bat ki, voi P(B) > 0. Khi do
P(A|B)=1A8)
P(B)
- -
» Vi du 1. Mot hdp co 20 vién bi trang va 10 vién bi den, cac vién bi co cung kich thuwdc va khoi
lwong. Ban Binh lay ngau nhién mét vién bi trong hép, khéng tra lai. Sau d6 ban An lay ngau
nhién moét vién bi trong hop do.

Goi A la bién ¢c6: “An lay dwoc vién bi trang”; B |a bién ¢cd: “Binh lay dworc vién bi trang”.
Tinh P(A | B) bang dinh nghia va bang céng thirc tinh P(A | B) & trén.

Giai

Céch 1: Bang dinh nghia

Néu B xay ra tirc 1a Binh lay duoc vién bi trang. Khi d6, trong hép coén lai 29 vién bi voi

19 vién bi trang va 10 vién bi den. Vay P(A | B) = E

29
C4ch 2: Bang céng thuc
Binh c6 30 cach chon, An co 29 cach chon mot vién bi trong hop. Do dé n(fl) =30.29.
Binh c6 20 cach chon mét vién bi trang, An c6 29 cach chon tir 29 vién bi con lai.

Do d6 n(B)=20-29 va P(B)= I‘;’?Z})

AB la bién c6 “Binh va An cung léy dwoc vién bi trang” Binh c6 20 cach chon mét vién bi
trang, An cé 19 cach chon mét vién bi trang trong 19 vién bi trang con lai.

Do d6 n(AB)=20-19 va P(AB)= ’L(é;),
P(AB) n(AB) 20-19 19
P(B) n(B) 20-29 29

Vay P(A|B)=



) Luyén tip 1. Tr6 lai Vi du 1. Tinh P(A|B) béng dinh nghia va bang cong thirc.

) Vidu2

a) T cdng thire tinh P(A | B) & trén, chirng minh rang néu A va B 1a hai bién cb doc lap voi
P(A) > 0, P(B) > 0 thi P(A | B) = P(A) va P(B | A) = P(B).

b) T dinh nghia xac suat cé diéu kién va dinh nghia vé tinh ddc lap cla hai bién cb, hay
chirng té rang néu A va B 1a hai bién cb dbc lap thi P(A | B) = P(A) va P(B | A) = P(B).

Giai
a) Néu A va B la hai bién co doc |ap thi P(AB) = P(A) - P(B).
Vay voi P(A) > 0, P(B) > 0 ta co:

P(AB) P(A)-P(B)
P(A|B)= = =P(A);
AB=25 —pE W
P(BA) P(B)-P(A
P(A)  P(A)
b) Theo dinh nghia, P(A | B) la xac suatcla A, tinh trong diéu kién biét rang bién cbé B da xay ra.
Vi A, B d@dc lap nén viéc xay ra B khéng anh hwdng t&i xac suat xuat hién ctia A. Do do:
P(A | B) = P(A).
Twong tw, P(B | A) la xac suat cQa B, tinh trong diéu kién biét rang bién cd A da xay ra.
Vi A, B doc lap nén viéc xay ra A khong anh hudng tdi xac suat xuat hién cta B. Do do:

P(B| A) = P(B).

)_p(B)

P(B|A)=

Y Luyéntip 2. Chirngtdrangnéu Ava B 13 St dung tinh chét 44 hoc & 16p

hai bl_en g ﬂgclap thi. a 11: Néu cép bién co A va B ddc
P(A|B)=P(A) va P(A|B)=P(A).  Iap thi céc cap bién c6 A va B;
A va B ciing doc lap.

') Vi du 3. (Bang di¥ liéu thng ké 2 x 2) Mot vién nghién clru vé an toan giao thong muédn tim

hiéu vé moi quan hé gitra viéc that day an toan khi lai xe va nguy co' tir vong cGa nguodi lai

xe khi xay ra tai nan giao théng. Gia sir vién d& xem xét 577 006 vu tai nan giao théng 6 to

va viéc that day an toan cla nguoi lai xe khi xay ra tai nan giao thong. Két qua cho thay:;

» Trong s6 nhirng ngu i 18i xe co that day an toan, cé 510 ngwdi tlr vong va 412 368 nguoi
séng sobt;

+ Trong s6 nhirng nguoi |ai xe khong that day an toan, c6 1 601 ngudi tir vong va 162 527
nguoi séng sot.

Két qua trén duoc trinh bay dwéi dang bang gom 2 dong va 2 cét nhw dudi day, dwoc goi

la bang dir liéu thong ké 2 x 2:

Két qua , .
. T von Séng sot
That day an toan L L

Khoéng 1 601 162 527

Co 210 412 368




Chon ngdu nhién mét ngudi lai xe trong s6 577 006 ngwdi bi tai nan giao théng.
a) Tinh xac *suét dé ngudi 1ai xe d6 tlr vong khi xay ra tai nan giao théng trong truéng hop
khong that day an toan.
b) Tinh 3céc suat dé nguoi lai xe dé tlir vong khi xay ra tai nan giao théng trong truong hop
co that day an toan.
¢) So sanh hai xac suat & cau a va cau b roi rut ra két luan.
Giai
a) Khéng gian mau Q 1a tap hop gom 577 006 nguoi lai xe xay ra tai nan giao théng
— n(Q) = 577 006.
Goi A la bién co: “Nguéi 1ai xe d6 tlr vong khi xay ra tai nan giao théng”:
B |a bién c6: “Ngudi lai xe dé khdng that day an toan khi xay ra tai nan giao théng’”.

Khi d6 AB |a bién cb: “Nguoi 1ai xe do tlr vong va khong that day an toan khi xay ra tai nan
giao théng'.

Ta can tinh P(A | B).

Ta cb 162 527 + 1 601 = 164 128 ngudi khdng that day an toan = n(B) = 164 128.
"

vay P(B) _n(B) 164 128

n(Q) 577 006

Trong $6 nhirng ngudi khdng that day an toan, cé 1 601 ngwoi tlr vong khi xay ra tai nan

giao thong = n(AB) = 1601. Vay P(AB) - ”;ff)) - 5;;33;8.

Do d6 P(A|B) = P(AB) __ 1601 _ 4 755.10 ° = 0,009755.

P(B) 164128

b) Ta cén tinh P(A| B)

B la bién cé: “Nguoi lai xe d6 co that day an toan khi xay ra tai nan giao théng”.

AB 1a bién cé: “Nguoi lai xe do tir vong va co that day an toan khi xay ra tai nan giao théng”.

Ta c6 412 368 + 510 = 412 878 ngudi lai xe cb that day an toan = n(B) = 412 878.

Trong s6 nhirng ngudi cd that day an toan, cé 510 nguwdi t&r vong khi xay ra tai nan

giao théng = n( AB) = 510.

Twong ty nhuw trén, ta co:
paB) n(AB) 510
P(B) n(B) 412 878.

P(A|B)= ~1,235-10" = 0,001235.

c) Taco:
P(A|B) 9,755-10°
P(A|B) 1235.10°
Nhuw vay, xac suat dé mét nguwoi lai xe khéng that day an toan bi t& vong khi xay ra tai
nan giao théng cao gap khoang 7.9 1an xac suat dé mff:t nguoi lai xe that day an toan bi
ttr vong khi xay ra tai nan giao théng. Twrc 1a, khéng that day an toan lam tang nguy co' bi
tr vong khi xay ra tai nan giao théng ctia nguoi lai xe 1én gap khoang 7,9 lan.

~7,9= P(A|B)~7,9-P(A|B).



) Luyén tip 3. M6t cong ty duwoc pham mubn so sanh tac dung diéu tri bénh X cda hai loai
thuéc M va N. Céng ty da tién hanh th(r nghiém véi 4 000 bénh nhan mac bénh X trong dé
2 400 bénh nhan dung thudc M, 1 600 bénh nhan con lai dung thudc N. Két qua dwoc cho
trong bang dir liéu thong ké 2 x 2 nhu sau:

Udng thué
g thuoc o v
Két qua

Khéi bénh 1600 1200

Khéng khdi bénh 800 400

Chon ngéu nhién mét bénh nhan trong s6 4 000 bénh nhan thir nghiém sau khi uéng thudc.
Tinh xac suéat dé bénh nhan do

a) ubng thubc M, biét rang bénh nhan dé khoi bénh;
b) uéng thudc N, biét rang bénh nhan dé khéng khai bénh.

2. CONG THUC NHAN XAC SUAT Néu A va B 13 hai bién cb
_ doc lap thi
2, b ] s # Ca JF )
) 192, Hinh thanh céng thirc nhan xac suat P(AB) = P(A) - P(B).

Chirng minh rang, v&i hai bién cd A va B, P(B) > 0, ta co:
P(AB)=P(B)-P(A|B).

Chu y. Néu P(B) = 0 thi P(AB) = 0 nén cong thirc tinh P(AB)

¢ trén dung véi moi bien co A, B.

Vay v&i hai bién cd A va B bat ki, ta co:
P(AB)=P(B)-P(A|B).

Cong thire trén duoc goi la céng thire nhan xac suat.

Nhan xét. Vi AB = BA nén véi hai bien co A va B bat ki, ta
cung co:
P(AB)=P(A)-P(B|A).

% Vi du 4. Trong mét hép kin ¢ 7 chiéc but bi xanh va 5 chiéc but bi den, cac chiéc but cé cung
kich thudc va khoi lwong. Ban Son 18y ngau nhién moét chiéc but bi tlr trong hép, khong tra
lai. Sau d6 ban Tung lay ngau nhién mét trong 11 chiec but con lai. Tinh xac suat dé Son lay
dwoc but bi den va Tung lay dwoc but bi xanh.

Giai

Goi A |a bién cb: “Ban Son lay dwoc but bi den”:
B |a bién cé: “Ban Tung lay dwoc but bi xanh”.

Ta can tinh P(AB). i

Vin(A)=5nén P(A) = et



Néu A xay ra tirc 1a ban Son lay dwoc but bi den thi trong hép ¢é 11 bt bi véi 7 but bi xanh.

Vay P(B|A)=.
& o f 35
Theo cong thirc nhan xac suat: P(AB)=P(A)-P(B|A)=— -—=—.
12 11 132
M6t phwrong phap mé ta triee quan 16i gidi trén |a dung so do hinh céy.

Bt X Xb XX

Trén nhanh OP va OX twong trng ghi xac suat lay duwoc but den va but xanh.

Trén nhanh BB, DX twong (rng ghi xac suat lay dwoc but den, bat xanh voi diéu kién da lay
dwoc but den.

Trén nhanh XP, XX twong (rng ghi xac suat lay dwoc but den, but xanh véi diéu kién da lay
dwoc but xanh.

Wiy XAC Sut o tinh 1§ al =22
12 11 132

) Ltuyén tdp 4. Trd lai Vi du 4. Tinh xac suat dé:
a) Son lay dwoc but bi xanh va Tung lay dwoc but bi den:

b) Hai chiéc but lay ra cé cung mau.

) Vin dung. Trd lai trd choi “O clra bi mat” trong tinh huéng mé dau. Gia str ngudi choi chon
clra s6 1 va nguwoi quan trd mé cira sé 3.
Ki hiéu E,; E,; E, twong (rng la cac bién cb: “Sau 6 clra s6 1 ¢6 6 t6”; “Sau & clra s6 2 ¢c6
6 t6”; “Sau 6 clra s6 3 cd 6 t6” va H la bién co: “Ngudi quan trd mé 6 clra sb 3 thay con lra”.
Sau khi ngwi quan trd mé canh cira sb 3 thay con Ilra, tie 1a khi H xay ra. Dé quyét dinh
thay ddi Ira chon hay khdng, ngudi choi cén so sanh hai xac suat co diéu kién: P(E, |H)
va P(E, |H).
a) Chirng minh rang:

1
* P(E,)=P(E,)=P(E;)= E;
: P{H|E1)=% va P(H|E,) =1
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b) St dung céng thirc tinh xac suét cé diéu kién va cong thirc nhan xac suét, chirng minh rang:

P(Ef) "D(H | E1).

*P(E,|H)= P(H) ;
P(E,|H)= P(E‘?)};E;“EE).

c) Tl cac két qua trén hay suy ra:

P(E, | H)=2P(E, |H).

Tl d6 hay dwa ra 1&i khuyén cho nguoi choi: Nén gilr nguyén sw lwa chon ban dau hay
chuyén sang clra chwa mé con lai?

Hudng dén: Néu E, xay ra, tirc |a sau clra s 1 c6 6 t6. Khi dd, sau ctra s6 2 va 3 |a con Ira.
Nguwoi quan trd chon ngdu nhién mét trong hai clra s 2 va 3 dé md ra. Do @6, viéc chon cira

$0 2 hay clra s6 3 ¢6 kha nang nhw nhau. Vay P(H |E,) = =

,1

Néu E, xay ra, tirc 1a clra s6 2 ¢6 6 t6. Khi d6, ngwdi quan trd chac chan phai mé clra s6 3.
Do 46 P(H |E,) =1.

BAI TAP

6.1.

D.2.

6.3.

Mét hdp kin dwng 20 tam thé giong hét nhau danh sé tir 1 dén 20. Mét ngwdi rut
ngau nhién ra moét tdm thé tir trong hop. Ngudi do duoc théng bao rang thé rut ra
mang sb chan. Tinh xac suét dé nguéi do rut duoc thé sé 10.

Cho P(A) = 0,2: P(B) = 0,51; P(B | A) = 0,8. Tinh P(4 | B).

Gieo hai con xtc xac can di, ddng chéat. Tinh xac suét dé:

a) Tong sé cham xuat hién trén hai con xtic xac bang 7 néu biét rang it nhat cé mét con
xUc xac xuat hién mat 5 cham:

b) Cé it nhat cé mét con xuc xac xuét hién mat 5 cham néu biét rang téng sé cham xuét
hién trén hai con xtc xac bang 7.

Gieo hai con xUc xac can déi, déng chat. Tinh xac suat Gé tdng sé cham xuét hién trén

hai con xuc xac dé khéng nhé hon 10 néu biét rang co it nhat mét con xic xac xuét

hién mat 5 cham.

Ban An phai thuc hién hai thi nghiém lién tiep. Thi nghiém thir nhat cé xac suat thanh
cong 1a 0,7. Néu thi nghiém thu nhat thanh cong thi xac suat thanh céng cua thi
nghiém thu hai 1a 0,9. Néu thi nghiém thi nhat khéng thanh cong thi xac suéat thanh
cong cua thi nghiém th(r hai chi 1a 0,4. Tinh xac suat dé:

a) Ca hai thi nghiém déu thanh cong;

b) Ca hai thi nghiém déu khéng thanh cong;

¢) Thi nghiém thir nhét thanh céng va thi nghiém thir hai khéng thanh céng.

Trong mét tai cd6 mét sé chiéc keo cung loai, chi khac mau, trong d6 cé 6 cai keo mau
cam, con lai la keo mau vang. Ha lay ngau nhién mét cai keo tir trong tui, khong tra lai.

Sau dé Ha lai lay ngau nhién thém mét cai keo khac tir trong tui. Biét rang xac suat Ha

ldy dwoc ca hai céi keo mau cam 13 3 Hoi ban dau trong tui co bao nhieu cai keo?



 Em c6 biét? -
Coéng nghé cap nhat Bayesian (Bayesian updating)

Gia st khi nghién cliru mét van de A, ban dau ta dwa ra cac kich ban E..E,, ....E, vé A
v&i cac xac suat xay ra Ala P(E,), ...,P(E,). Cac xac suat nay thé hién su hiéu biét ban
dau cla ta vé A. Khi co théng tin méi H, ta cap nhat hiéu biét vé A bang cach tinh cac
xac suat co diéu kién xay ra A voi diéu kién H: P(E, |H), ...,P(E, | H). Khi lai c6 thém
théng tin moéi G, ta lai tiép tuc cap nhat hiéu biét clia ta vé A bang cach tinh céc xac
suat co dieu kién xay ra A voi dieu kién H, G: P(E, |H,G), ...,P(E, | H,G). Clr nhu thé,
st dung cac théng tin m&i, ta lién tuc cap nhat cac hiéu biét vé A. Quy trinh nay dwoc goi
la cong nghé cap nhat Bayesian (cong nghé Bayesian updating). Céng nghé Bayesian
updating da va dang duwoc ap dung réng rai trong nhiéu linh vwre cia khoa hoc, ki thuat,
y hoc, triét hoc,...

Mét minh hoa &n twong cho (rng dung cia céng nghé Bayesian updating la cau chuyén
doi tim kiém clru nan cda My tim kiém mét nguwdi danh ca bi mét tich khi roi xubng
bién (F.D. Flam, The Odds, Continually Updated, The New York Times, September, 29,
2014). Théng tin dau tién ma ddi tim kiém nhan dwoc la 6ng Aldridge bi roi xudng bién
trong khoang tir 9 gi¢ t6i ngay 27-7-2014 dén 6 gi¢ sang ngay hém sau. Nhirng gi® sau
d06, cac théng tin méi do cac trwe thang va tau ciru hd thu thap dworc tiép tuc dwoc nap
vao may tinh. Str dung cong nghé Bayesian updating théng qua moét phan mém goi 13
Sarops, may tinh da lién tuc cap nhat va dinh vi ngay cang chinh xac khu vierc ma nguoi
mét tich c6 kha nang dang & do. Sau 12 gio doi tim kiém da phat hién dwoc ngudi danh
c4 dang 6m phao tréi trén bién, gan kiét sirc nhwng van con song.

Lue luong bao vé bo bién, duoc huong dan boi phuwong phap théng ké
cua Thomas Bayes, da co thé tim thay ngw dan mat tich John Aldridge.

Ngubn anh: Daniel Shea, nytimes.com
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Bal '| 9 CONG THUC XAC SUAT TOAN PHAN

VA CONG THUC BAYES
THUAT NGU * I{IEN THUC, Ki NANG
+ Cong thirc xac suét .+ Mb ta va biét van dung cdng thirc xac sut toan phan vao cac
toan phan . tinh hudng c6 ndi dung thuce tién.
» S0 do hinh cay '+ N&m dwoc va biét van dung cong thirc Bayes vao céc tinh

. Cﬁng thirc Bayes ' hufmg co ﬂfﬂ dung thuwe t|én.

1. CONG THUC XAC SUAT TOAN PHAN

S6 khan gia dén xem budi
biéu dién ca nhac ngoai troi

T ) Thii 1i€1 Ha Nl ngay mai
phu thudc vao thoi tiet. Gia o
str, néu tréi khéng mua thi B e gL "
Xac suat dé ban hét vé la st soian A iwom G R %
0,9; con néu troi mua thi
xac suat dé ban hét vé chi o aeizs G wrom DS W
la 0,4. Dy bao thoi tl'ét cho o e 0ty S5 AR
thay xac suat dé troéi mua |
vao bUE’l bléu dlén la 0,75 100 267 26° *Huaﬂnf HTER Eodmmh v
Nha té chirc sw kién quan .
térn dén Kéﬂ ELlﬁt dé ban en0 728t WU )12 nhe H3%e SR v
dwoc hét ve la bao nhiéu. wes  2siz6r B wsveur sis  dpEmeA o
Cﬂﬂg th‘l:lj{: ‘KE:C Suat trﬂr:lg 200 223" “Muamr AHN A pdknwh .
Muc 1 se tra loi cho ta cau 4

hoéi d6. Hinh 8.1. Minh hoa vé dw bao thoi tiét
(Anh: hitps:/fthoitiet.edu.vin/)
) 101, Hinh thanh céng thirc xac suét toan phan
Goi A la bién cb “Troi mua” va B la bién cb “Ban hét vé” trong tinh hubng mé dau.
a) Tinh P(4), P(A), P(B|A) ,P(B|A).
b) Trong hai xac suat P(A) va P(B), nha td chirc su kién quan tdm dén xac suat nao nhéat?

Duwa trén cac dir kién da biét, co thé tinh dwoc P(B) hay khéng? Céng thirc sau day giup ta
tra |&i cho cau héi nay.

FrChur::u hai bién cb A va B. Khi d6, ta cé cong thirc sau:
P(B) = P(A)-P(B| A)+ P(A)- P(B| A).

Cong thirc trén duroc goi la cong thire xac suét toan phan.




) Vidu 1. Ong An hang ngay di |lam bang xe may hodc xe buyt. Néu hém nay éng di lam bang
xe buyt thi xac suat dé hém sau 6ng di lam bang xe may la 0,4. Néu hém nay 6ng di lam bang
xe may thi xac suat dé hém sau éng di lam bang xe buyt 1a 0,7. Xét mét tuan ma thir Hai éng
An di lam bang xe buyt. Tinh xac suét dé thr Tw trong tuan d6, 6ng An di lam bang xe may.

Giai
Goi A 1a bién cd: “Thir Ba, 6ng An di lam bang xe may”: B la bién cb: “Thdr Tw, 6ng An di lam
bang xe may”. Ta can tinh P(B). Theo céng thirc xac suat toan phan, ta cé:

P(B) = P(A)-P(B| A) + P(A)-P(B| A).

+ Tinh P(A): Vi thr Hai, dng An di lam bang xe buyt nén xac suat dé thir Ba (hém sau), 6ng
di lam bang xe may la 0,4. Vay P(A) = 0,4.

+ Tinh P(Ii): Ta cé P(?I) -1-04=06.

+ Tinh P(B| A): Day la xac suat dé thir Tw, 6ng An di lam bang xe may néu thir Ba, 6ng An
di lam bang xe may.

Theo gia thiét, néu hém nay 6ng di lam bang xe may thi xac suit d& hom sau éng di lam
bang xe buyt 1a 0,7 va di lam bang xe may la 1 - 0,7 = 0,3. Do d, néu thir Ba, éng An di
lam bang xe may thi xac suét dé thi Tw, 6ng di lam bang xe may 1a 0,3. Vay P(B | A) =0,3.

+ Tinh P(B | E): Pay la xac suat dé thir Tw, 6ng An di lam bang xe may néu thir Ba, éng
An di lam bang xe buyt.

Theo gia thiét, néu hém nay 6ng di lam bang xe buyt thi xac suat & hém sau éng di 1am

bang xe may 12 0,4. Do d6 néu thir Ba, 6ng An di lam bang xe buyt thi xac suét dé th(r Tu,

éng di lam béng xe may 1a 0.4. Suy ra P(B |A) =0.4.

Vay: B B
P(B)=P(A)-P(B|A)+P(A)-P(B|A)=0,4-0,3+0,6-0,4 =0,36.

) Luyén tdp 1. Tro lai tinh hubng mé dau Muc 1. Tinh xac suat dé nha té chirc sy kién ban hét vé.

Chi . Mét phuong phap mé ta triec quan cong thire xac suat toan phan la dung so dé hinh cay.

Tré lai Vi du 1. Ki hiéu A 1a bién cb: “Thir Ba, 6ng An di lam bang xe may”; B la bién cé:
“Thir Tw, 6ng An di lam bang xe may”.

Ta vé so do hinh cay nhw sau:
Géc O

0,4

0,3 0,7

B B B B

Hinh 6.2. So dd hinh cdy mo ta xéc suét cta bién cb



Trén nhanh cay OA va OA tuong (mg ghi P(A) va P(A);
Trén nhanh cay AB va AB tuong ng ghi P(B | A) va P(B| A);
Trén nhanh cay AB va AB twong (rng ghi P(B| A) va F’(§ | E).

Cé hai nhanh cay di téi B 1a OAB va OAB. Vay:
P(B)=0,4-0,3+0,6-0,4=0,36.

) Luyén tip 2. Trd lai Vi du 1. S dung so @6 hinh cay, hdy mé ta cach tinh xac suét dé thir Tu,
6ng An di lam bang xe buyt.

» Vin dung. Hinh dang hat clia dau Ha Lan c¢6 hai kiéu hinh: hat tron va hat nhan, c¢6 hai gene
(rng voi hai kiéu hinh nay la gene tri B va gene l1an b.

Khi cho lai hai cay dau Ha Lan, cay con lay ngau nhién mét cach déc 1ap mét gene tir cay bd
va mot gene tir cady me dé hinh thanh mot cap gene. Gia st cay bé va cay me dwoc chon
ngau nhién tir mo6t quan thé cac cay dau Ha Lan, & do ti 1é cay mang kiéu gene bb, Bb twong
(rng 1a 40% va 60%. Tinh xac suat dé cay con cb kiéu gene bb.

Huéng dan:
Goi A |a bién cb: “Cay bé co kiéu gene bb”:

M 1a bién cb: “Cay con lay gene b tir cay bd”;

N |a bién cé: “Cay con lay gene b tir cay me”;

E la bién cb: “Cay con co kiéu gene bb”.
Theo gia thiét, M va N doc lap nén P(E)=P(M)-P(N).
Tinh P(M): Ta ap dung cong thirc xac suat toan phan:

P(M)=P(A)-P(M| A)+P(A).-P(M| A). (%)

Tacé P(A)=0,4; P(A)=0,6.
P(M | A) la xac suat dé cay con lay gene b tir cay bd voi diéu kién cay bd co kiéu gene bb.
Do do F"(M |.a"-'t):1.
P(M | A) Ia xac suét dé cay con lay gene b tir cay bd véi didu kién cay bé c6 kiéu gene Bb.
Do d6 P(M | A) =%.
Thay vao (*) ta dwoc: P(M)=0,4+03=0,7.
Twong ty tinh dwoc P(N) =0,7.
Vay P(E)=P(M)-P(N)=0,7-0,7 = 0,49.

T két qua trén suy ra trong mét quén thé cac cay dau Ha Lan, ma & dé ti 1é cay bd va cay
me mang kiéu gene bb, Bb twong (rng 1a 40% va 60%, thi ti 1& cay con co kiéu gene bb 13
khoang 49%.

Y Luyén tip 3. V&i gia thiét nhw van dung trén.
a) Hay woc lwong ti 1€ cay con c6 kiéu gene BB.

b) Str dung két qua cla van dung trén va cau a, hdy wéc luong ti |é cay con co kiéu gene Bb.



2. CONG THUC BAYES

Trong Y hoc, dé chan doan bénh X nao do, nguoi
ta thwong dung mét xét nghiém. Xét nghiém
dwong tinh, tirc la xét nghiém &6 két ludn mot
nguwoi mac bénh X. Xét nghiém am tinh, tiec 1a xét
nghiém do két luan mét ngudi khéng mac bénh X.
Vi khéong co moét xet nghlem nao tuyet dbi dung
nén trén thuc té co thé xay ra hai sai 1am sau:

— Xét nghiém dwong tinh nhung thuc té nguoi
xét nghiém khéng mac bénh. Ta goi day la
dwong tinh gia.

— Xét nghiém am tinh nhwng thuc té ngudi xét nghiém lai mac bénh. Ta goi day la am tinh gia.

Ong M di xét nghiém bénh hiém nghéo X. Biét rang, néu mét ngudi mac bénh X thi v&i xac
suat 0,95 xét nghiém cho dwong tinh; néu mét ngudi khéng bi bénh X thi véi xac suét 0,01
xet nghiém cho dwong tinh.

Xet nghiém cua éng M cho két qua dwong tinh. Ong M huang hét khi nghi rang minh co xac
suat 0,95 mac bénh hiém nghéo X. Muc 2 giup chung ta hiéu dung xac suét do.

) #02. Phan biét P(A | B) va P(B | A)

Trong tinh hubng mé dédu Muc 2, goi A 1a bién ¢cé: “Ong M mac bénh hiém nghéo X”; B 1a
bién cd: “Xét nghiém cho két qua dwong tinh”.

a) Néu cac ndi dung con thiéu twong (rng voi “(?)” dé hoan thanh cac cau sau day:

« P(A| B) la xac suét dé (?) voi diéu kién (?);

- P(B| A) la xac suat dé (?) voi diéu kién (?).

b) 0,951a P(A | B) hay P(B| A)? Co phai 6ng M c6 xac suét 0,95 mac bénh hiém nghéo X khéng?
Cung thire sau day cho ta tinh F‘(A | B) khi biét P(B | A) va F’(A)

|

Chn A va B la hai bién co, voi P(B) > 0. Céng thirc Bayes dong

Khi d6, ta c6 ¢ong thirc sau: ‘ vai tro quan trong trong Li
P(A)-P(B| A) thuyet Xac suat.

P(A)-P(B| A)+P(A)-P(B| A)

! Cong thirc trén cé tén la cong thirc Bayes.

P(A|B)=

Chi v. Theo cong thire xac suét toan phan, ta co:

F’(E)=F’(A)-P(B|A}+F’(E)-P(E|E). Thmﬁas Bayes

Do do, cong thirc Bayes con coé thé viét dudi dang: (1701 - 1761)

P(A)-P(BJA)

P(B)
Y nghia cta céng thirc Bayes: Mot nha nghién clru quan tam dén xac suat xay ra cta bién ¢
A. Theo tinh toan ban dau A cb xac suat |a P(A) = p. Sau dé, nha nghién ciru cé dwoc théng
tin rang: “Bién cb B da xay ra”. Véi thdng tin méi nay, nha nghién cliru sé cap nhat hiéu biét
clia minh vé kha nang xay ra bién cb A, bang cach tinh P(A | B), xac suét cla A khi biét B da
xay ra. Cong thirc Bayes giup ta tinh P(A | B).

P(A1B)=
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) Vidu 2. Trong mét ki thi tét nghiép trung hoc phé théng, mét tinh X cé 80% hoc sinh lya chon

té hop A0O (gébm cac mén Toan, Vat li, Hoa hoc). Biét rang, néu mét hoc sinh chon té hop
AOO thi xac suat e hoc sinh d6 d6 dai hoc 14 0,6; con néu mét hoc sinh khéng chon t6 hop
AQ0O thi xac suat dé hoc sinh @é o dai hoc la 0,7. Chon ngau nhién mét hoc sinh cua tinh X
da tét nghiép trung hoc phé théng trong ki thi trén. Biét rang hoc sinh nay da db dai hoc. Tinh
xac suat dé hoc sinh dé6 chon té hop A00.

Giai

Goi A |a bién cb: “Hoc sinh d6 chon t6 hop A00": B la bién c6: “Hoc sinh dé a6 dai hoc”.

Ta cén tinh P(A | B). Theo cong thirc Bayes, ta can biét: P(A), P(E), P(B|A) va F-’(B | E)‘
Ta c6: P(A) = 0,8, P(A)=1-P(A)=1-08=02.

P(B | A) |a xac suat dé mot hoc sinh d6 dai hoc véi diéu kién hoc sinh d6 chon té6 hop A00
= P(B] A) =0,6.

P(B]A)la xéc suét G& mét hoc sinh dd dai hoc véi diéu kién hoc sinh 46 khéng chon té hop
A00 = P(B | E) =07

Thay vao cong thurc Bayes ta duoc:

P(A|B)= il o) it A E) 0.5 SO 07742

P(A)-P(B|A)+P(A)-P(B| A ~08.06+02.07

) Luyén tip 4. Trong Mot kho rwou 6 30% la rrou loai |. Chon ngau nhién mét chai rwou dua

cho éng Tung, mét ngudi sanh rwou, dé ném thir. Biét rang, mdt chai rwou loai | ¢6 xac suat
0,9 dé 6ng Tung xac nhan la loai I; mét chai rvou khéng phai loai | ¢d xac suat 0,95 dé éng
Tung xac nhan day khong phai la loai |. Sau khi ném, 6ng Tung xac nhan day la rwou loai |.
Tinh xac suat dé chai rirou dlung la rvou loai |.

» Vi du 3. Tr& lai tinh huéng mé dau Muc 2. Tinh xac suat dé dng M mac bénh hiém nghéo X
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néu xét nghiém cho két qua duong tinh.

Giai

Goi A |a bién cb: “Ong M mac bénh hiém nghéo X" B la bién c6: “Xét nghiém cho két qua
dwong tinh”.

Ta can tinh P(A | B).

Theo céng thirc Bayes dé tinh P(A | B), ta can biét: P(A), P(E)T P(B|A) va P(B | E).

Goi p la ti 1& dan sé mac bénh hiém nghéo X.

Khi d6 P(A) = p. Suy ra P(E) -1-p.

P(B | A) la xac suat dé 6ng M co6 xét nghiém |a dwong tinh néu 6ng M mac bénh hiém nghéo X
— P(B| A) =0,95.

P(B | E) |a xac suat dé 6ng M cé xét nghiém |a dwong tinh néu éng M khéng mac bénh hiém
nghéo X = P(B| E) - 0,01.
Thay vao céng thirc Bayes ta co:
P(A)-P(B|A) B p-0,95
P(A)-P(B| A)+P(E).P(B|E) - p-0,95+(1-p)-0,01

P(A|B)=



) Luyén tip 5. Trd lai tinh hubng mé dau Muc 2. Théng ké cho thay ti 1&é dan s6 mac bénh hiém
ngheo X la 0,2%.

a) Trudc khi tién hanh xét nghiém, xac suat mac bénh hiém nghéo X ctia 6ng M 1a bao nhiéu?

b) Sau khi xét nghiém cho két qua dwong tinh, xac suat mac bénh hiém nghéo X ctia éng M
la bao nhiéu?

) Vi du 4. M6t théng ké cho thay ti 1é dan s6 mac bénh hiém nghéo Y 1a 0,5%. Ba N di xét
nghiém bénh hiém nghéo Y va nhan duoc két qua la am tinh. Biét rang, néu mac bénh hiém
nghéo Y thi v&i xac suat 0,94 xét nghiém la dwong tinh; néu khéng bi bénh hiém nghéo Y thi
véi xac suat 0,97 xét nghiém la am tinh.

a) Trwdc khi tién hanh xét nghiém xac suat khéng mac bénh hiém nghéo Y cGa ba N 1a
bao nhigu?
b) Sau khi xét nghiém cho két qua am tinh, xac suat khéng mac bénh hiém nghéo Y cla
ba N |la bao nhieu?
Giai
Goi A 12 bién cé: “Ba N bi bénh hiém nghéo Y": B |a bién cb: “Xét nghiém cho két qua dwong tinh”.
a) Trwde khi tién hanh xét nghiém, xac suat khéng mac bénh hiém nghéo Y cua ba N 13
P(E} -1 - P(A) = 1- 0,005 = 0,995
b) Ta can tinh P(A|B).
Theo céng thirc Bayes ta co
P(A)-P(B|A)
P(A)-P(BIA)+P(A)-P(B|A)

P(A|B)-=

P(E[E) la xac suét dé ba N co6 xét nghiém la am tinh néu ba N khong bi bénh Y.
Theo bai ra ta co:
P(Eﬁ) =0,97;

A) la xac suat dé ba N ¢ xét nghiém |a am tinh néu ba N bi bénh Y:

A)=1—0.94= 0,06.

Thay vao cong thirc Bayes ta co
F’(E|§) 0,995.0,97

= ~ 0,9997.
0,995-0,97 +0,005-0,06

Nhw vay, voi xét nghiém cho két qua am tinh, xac suat khong mac bénh Y ctia ba N tang
|&én thanh 99,97% (trwrdc xét nghiém la 99,5%).

BAI TAP

6.7. Trong quan suw, mot may bay chién dau clia déi phuong cé thé xuét hién & vi tri X voi
xac suat 0,55. Néu may bay dé khéng xuat hién & vi tri X thi né xuat hién & vi tri Y.
Pé phong thl, cac bé phéng tén Itra dwoc bd tri tai cac vi tri X va Y. Khi may bay dbi
phuong xuét hién & vi tri X ho&c Y thi tén Itra s& duoc phéng dé ha may bay do.
Xét phuong an tac chién sau: Néu may bay xuét hién tai X thi ban 2 qua tén Itra va néu
may bay xuat hién tai Y thi ban 1 qua tén Ikra.
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6.8.

6.10.

6.11.

Biét rang, xac suat ban triing may bay ctia méi qua tén Ira 1a 0,8 va cac bé phéng tén
Il*a hoat dong ddc 1ap. May bay bi ban ha néu né trung it nhat 1 qua tén Ikra. Tinh xac
suat ban ha may bay doi phwong trong phuwong an tac chién néu trén.

Co6 hai chudng thé. Chudng | cé 5 con thé den va 10 con thé trang. Chuéng Il cé 7 con
thd den va 3 con thé trdng. Trwéc tién, tir chudng Il 1ay ra ngau nhién 1 con thé réi cho
vao chudng |. Sau d6, tir chubng | lay ra nglu nhién 1 con thd. Tinh xac suét dé con
thé dwoc lay ra la con tho trang.

Tai nha may X san xuét linh kién dién t(, ti & san pham dat tiéu chuén la 80%. Trudc
khi xuat xwdng ra thi tredng, cac linh kién dién t&r déu phai qua khau kiém tra chat
lwong dé dong dau OTK. Vi sw kiém tra khdng tuyét ddi hoan hao nén néu mét linh
kién dién tlr dat tiéu chuan thi né c6 xac suat 0,99 duwoc ddéng dau OTK; néu mét linh
kién dién tlr khéng dat tiéu chuan thi nd cé xac suat 0,95 khéng dwoc dong dau OTK.
Chon ngau nhién mét linh kién dién t&r ctia nha may X trén thi trvong.

a) Tinh xac suét dé linh kién dién t&r 46 dwoc dong dau OTK.

b) Dung so’ d6 hinh cay, hdy mé ta cach tinh xac suat dé linh kién dién t& dwoc chon
khéng duoc dong dau OTK.

Cé hai d@di thi dau mon Ban sung. Doi | co 5 van déng vién, dodi Il co 7 van dong vién.

Xac suat dat huy chwong vang cta moi van dong vién dai | va dai Il twong trng 1a 0,65

va 0,55. Chon ngau nhién mot van dong vién.

a) Tinh xac suat dé van déng vién nay dat huy chwong vang;

b) Gia sl van dong vién dwoc chon dat huy chwong vang. Tinh xac suat dé van déng
vién nay thudc doi |.

Mot bd loc dwoc sir dung dé chan thu rac trong cac tai khoan thu dién tie. Tuy nhién,
vi bd loc khdng tuyét déi hoan hao nén mét thw rac bi chan véi xac suat 0,95 va mét
thu dang (khéng phai |a thw rac) bi chan véi xac suat 0,01. Thong ké cho thay ti 1é
thu rac la 3%.

a) Chon ngau nhién mét thw bi chan. Tinh xac suét dé dé Ia thu rac.
b) Chon ngau nhién mét thu khéng bi chan. Tinh xac suat dé do Ia thw dung.

c) Trong sb cac thw bi chan, cé bao nhiéu phan tram la thw dung? Trong sb cac thu
khéng bi chan, co bao nhiéu phan tram |a thw rac?



BAI TAP CUOI CHUONG VI

A - TRAC NGHIEM
Sir dung dir kién sau dé tra 10i céc céu tir 6.12 dén 6.14:
2 1 — 1
Cho P(A)==:P(B|A)=—=:P|(B|A)=—.

6.12. Gia tri clia P(AB) 1a

R B > c. .o
15 16 5 15
6.13. Gia tri cua P(BE) E
Nt B c. 28 o
7 19 21 20
6.14. Gia tri cia P(B) 1a
A2 g 1o c? D.
60 60 20 30

St dung dir kién sau dé tra 167 cac céu tir 6.15 dén 6.17:

Ban An ¢6 mét tii gdm mét sé chiéc keo cung loai, chi khac mau, trong d6 ¢é 6 chiéc keo
sé cd la den, con lai 4 chiec keo s6 ¢cd |a trang. An lay ngau nhién 1 chiéc keo trong tii
dé cho Binh, rdi lai l&y ngdu nhién tiép 1 chiéc keo ni¥a trong tui va cling dwa cho Binh.

6.15. Xac suat dé Binh nhan duoc 2 chiéc keo sé ¢o la den |a

A. 1 B. 1 . E D. E
3 4 o 7
6.16. Xac suat dé Binh nhan dwoc 2 chiéc keo s6 ¢6 la trang 1a
B B~ e p. 4.
5 5 16 17

6.17. Xac suat dé Binh nhan dwoc chiéc keo sb cd la den & lan thi nhét, chiéc keo sé co la
trang & 1an th hai la

A B B B
5 16 4 17
B - TU LUAN

6.18. Pé th(r nghiém tac dung diéu tri bénh mat ngti ctia hai loai thubc X va Y, nguoi ta tién
hanh thtr nghiém trén 4 000 nguoi bénh tinh nguyén. Két quéa duoc cho trong bang
théng ké 2 x 2 sau:




6.19.

6.20.

Dung thudc
) X Y
Két qua
Khoi bénh 1 600 1200
Khong khoi bénh 800 400

Chon ngau nhién 1 nguoi bénh tham gia tinh nguyén thir nghiém thubc.
a) Tinh xac suat dé nguoi dé khéi bénh néu biét ngudi bénh dé ubng thuébc X.
b) Tinh xac suat dé nguéi bénh dé udng thudce Y, biét rang ngudi dé khdi bénh.

Mot nhom co 25 hoc sinh, trong do ¢6 14 em hoc kha mon Toan, 16 em hoc kha mon
Vat li, 1 em khéng hoc kha ca hai mén Toan va Vat li. Chon ngau nhién mét hoc sinh
trong sé dé. Tinh xac suét dé hoc sinh do:

a) Hoc kha mén Toan, dong thoi hoc kha mén Vat li:
b) Hoc kha mén Toan, nhwng khéng hoc kha mén Vat li;
¢) Hoc kha mén Toan, biét rang hoc sinh dé hoc kha mén Vat Ii.

Chuodng | ¢6 5 con ga mai, 2 con ga trong. Chudng Il ¢c6 3 con ga mai, 5 con ga trong.
Trong moét tro choi, ngwoi choi bat mot con ga trong s6 dé theo cach sau: “Nguwdi choi
tung mét con xuc xac can dodi, dong chat. Néu s6 cham chia hét cho 3 thi nguwéi choii
chon chuéng |I. Néu sé6 cham khéng chia hét cho 3 thi ngwoi choi chon chudng Il. Sau
@6, tlr chubng da chon ngwéi choi bat ngdu nhién mét con ga”. Tinh xac suét dé nguwoi
choi bat dwoc con ga mai.

6.21. Mét loai vaccine dwoc tiém & dia phwong X. Nguwdi co bénh nén thi véi xac suét 0,35

¢6 phan (rng phu sau tiém; ngwdi khéng cé bénh nen thi chi co phan rng phu sau tiém
voi xac suat 0,16. Chon ngau nhién mét ngudi duoc tiém vaccine va ngudi nay cb
phan (rng phu. Tinh xac suat dé nguodi nay cd bénh nén, biét rang ti I1&é nguwdi coé bénh
nén & dia phuong X 1a 18%.



HOAT PONG
THUC HANH TRAI NGHIEM

TINH NGUYEN HéM VA TiCH PHAN VO
PHAN MEM GEOGEBRA. _
TINH GAN PUNG TIiCH PHAN BANG
PHUONG PHAP HINH THANG

MUC TIEU

Thwe hanh tinh nguyén ham va tinh gan ding tich phan véi phan mém GeoGebra. Tinh gan
dung tich phan bang phwong phap hinh thang trong trwéng hop ham dwdi dau tich phan cho
dang bang (tai m6t s6 mdc) hodc cho bdi mot do thi (ma ta khdng biét phwong trinh cia n6)
ho&c khéng c6 nguyén ham dwéi dang ham so cép.

[ 1. TINH NGUYEN HAM VA TiCH PHAN V31 PHAN MEM GEOGEBRA

Kh&i ddng phan mém GeoGebra [O chon Complex Adaptive System (CAS) dé thwc hién
tinh toan nguyén ham va tich phan.

a) Tinh nguyén ham cta ham so

Pé tinh nguyén ham cta ham sé, ta dung 1énh IntegralSymbolic(<ham s6>), két qua sé duoc
hién thi ngay bén dudi.

IntegralSymbolic(sin(2 x))

— ? cos(2 x) 4+ c;

1

Integralﬁymbalic(x+ VX )
-~ Vx

4

6

. VX x4+

—- ;f/’f:+

IntegralSymbolic (x(l + 12) ;)
2

B~ w1 (@ +1)*+c

5
IntegralSymbolic(x sin(2x + 1))

- %sin(21+ 1]——% x cos(2x+1)+c

Hinh T1




b) Tinh tich phén

Pé tinh gan dung tich phan, ta dung Iénh Nintegral (<ham s6, gia tri dau, gia tri cubi>), két
qua sé dwoc hién thi ngay bén dudi.

1 NInteEraI(l_;}{,l,m) 1 Nlntegral(vfl-i-sian, 0, 7.')
- 117.83 - 4,95
1 Nintegral((sin(x) + cos(x))’, 0, g) 1 Nintegral(x* €, —1,1)
- 2.57 - (.88
Hinh T2

Chia v, Néu muodn s dung giao dién tiéng Viét, sau khi khdi dong GeoGebra, chon Options
— Language — Vietnamese/Tiéng Viét. Khi dé, thay vi ct phap |énh tiéng Anh nhu trinh bay
& trén, ta dung cu phap 1énh tiéng Viét trrong (rng nhuw trong bang sau:

Lénh Cu phap Iénh tiéng Anh Cu phap lénh tiéng Viét
Tinh nguyén ham IntegralSymbolic(<ham sé>) TichPhan(<ham sb6>)
N . Nintegral(<ham s6, gia tri dau, | TichPhanXacbinh(<ham sé,
MRRERGH R gia tri cubi) gié tri dau, gid tri cubi-)

/) Thuc hinh 1. St dung phan mem GeoGebra, tinh:

I

v . . 2
a) J‘x 2X+2 4% b) je“ cos 2 xdx.
0

X+

2. TiNH GAN DUNG TiCH PHAN BANG PHUONG PHAP HiNH THANG
b
Pé tinh tich phan jf(x) dx bang dinh nghia, ta can biét mot nguyén ham F(x) cGa fix) trén

doan [a; b]. Khi doé:

jlf(x)clx =F(b)-F(a).

Tuy nhién, néu ham s6 f(x) khﬁnag c6 nguyén ham dwéi dang ham so cép, chang han,
ngwdi ta biét rang

2 2 Sin x cOoS X e’ 1
e"dx |e” dx;f dx;j dx; J.—dx;j dx: ...
.[ .[ X X X ,,/1_ ¥3

khéng phai la nhirng ham sé so cép, thi khéng thé dung dinh nghia trén dwoc. Tinh hudng
twong tw xuéat hién khi f(x) cho b&i mét do thi ma ta khéng biét phuong trinh cda né. Khi @6,
b

ta can tinh xap xi If (x)dx bang cac phwong phap so.



Phwong phap don gidn nhét |a phwong phép hinh thang, cé ndi dung nhu sau:

Gia st f(x) la ham so lién tuc trén doan [a; b]. Khi do:

b

b-a
f(x)dx ~
J.(x) 8 2n

& do doan [a; b] dwoc chia thanh ndoan con [x,; x|, [x; x,], ..., X, X, | moi doan c6 @6

)+ 2F () + 2F (x,) +...+ 2F (x,. )+ F(x,) ],

dai la ax =2 =
Khi f(x) la ham lién tuc va khéng am trén 4
doan [a; b], ta co:

Y nghia hinh hoc: Dién tich cGa hinh phang f(x;)
gi&i han bdi do thi y = f(x), truc hoanh va hai
dwong thang x = a, x = b xap xi voi tong dién
tich cta cac hinh thang con A A, ..., A

(H.T3). A,

Panh gia sai s6: Nguwoi ta chirng minh

ZS(A)::]L f{x)dx fix ) fix )

]

f(x.)

dwocrangnéu f'(x) liéntuctréndoan(a;b] O| x —a x x .. x-1 x.. x . x=b
thi sai s0 |E| cua phwong phap hinh thang ' |
duoc danh gia nhu sau: Hinh T3

£< Lol Y ()

E| “5— trong d6 M = max
Thuét toan: Dé tinh xap xi '[f (x)dx voi @6 chinh xac khong vuwot qua sé  cho trwdce, ta

fria g

a
thure hién 1an ot cac buoc sau:
Bucéce 1. Tinh

(%)

f"(x)| <M, néu viéc tim chinh xac Ia kho).

_i"a f_'..|

(hoac danh gia max

xe[a.b]

Budc 2. Véi sai s6 = cho triede, tim sé tw nhién n (nhfj nhat) sao cho

g™,
12n°

Buéc 3. Chia doan [a; b] thanh n doan con cé dd dai bang nhau va ap dung céng thirc
hinh thang.

3 Vi du. Tinh gan dang Ie"‘ dx v&i dd chinh xac nhé hon 0,01.
Giai
a) Tacod: f(x)=e < f(x)=-2xe *; f"(x)=4x’e™ 2™ f"(x)=4x(3 —2}(2)&

f"(x)=0<x=0 hnér:z::iJ%.
3 2
Taco: I"(0)==-2 | £ - — (1
) [1/] i ()=

f"(x)| =|f"(0)| = 2.

¥,

Do do M =max
x=[0:1]

|



b) Ta can tim n sao cho

3

1-0Y -2

(123}; {D:D1¢%{0,01'ﬁ'n}4,
n

Do do, ta chon n=25.

¢) Chia doan [0; 1] thanh 5 doan c6 dd dai bang nhau la [0; 0,2], [0,2; 0,4], [0,4; 0,8],
[0,6; 0,8], [0,8; 1].

Ap dung céng thirc phwrong phap hinh thang, ta cé:

;
2
Ie“"" dx =

Q

1-0 1+ 2 N 2 2 2 1
10 Eﬂ' Eﬂ,ﬂﬂ EU,"E

2 X
') Thuc hanh 2. S&r dung phwong phap hinh thang, tinh gan dung Ie—dx vGi @6 chinh xac 0,01.
X
1

) Vin dung. M4t than cay dai 4,8 m dwoc cat thanh céc khiic gb dai 60 cm. Nguwéi ta do duwdng
kinh cia méi méat cat ngang va dién tich S cla né dwoc ghi lai trong bang dwéi day, & day
x (cm) 1a khodng céch tinh tir dinh than cay dén vét cat.

X (cm) 0 60 120 | 180 | 240 | 300 | 360 | 420 | 480

S{cm?) | 240 | 248 | 256 | 260 | 264 | 272 | 298 | 316 | 320

Tim thé tich gan dung cla than cay nay.
Huéng dan.

480
Thé tich can tinh la V = _[ S(x)dx, trong d6 S(x) & dién tich mat cat ngang tai vi tri cach
0

dinh than cay mét khoang x (cm). St dung phwong phap hinh thang dé tinh gan dung tich
phan nay.



—H

VE PO HOA 3D VO

PHAN MEM GEOGEBRA

AutoCAD va GeoGebra la cac phan mém hé tro vé hinh 2D, 3D trén may tinh. AutoCAD
dwoc st dung nhiéu trong vé thiét ké kién truc, ki thuat, GeoGebra dwoc dung nhiéu trong
giao duc. Nén tang toan hoc cho cac phan mém nay |a hinh hoc trong mat phang toa dé (hinh
2D) va hinh hoc trong khéng gian toa dd (hinh 3D). Em hay trai nghiém véi viéc dung phan
mém GeoGebra cho mét so thiét ké 3D.

1. VE TAM GIAC PENROSE

Céu thang bét kha Tam gidc Penrose

Tranh “Cau thang bat kha” cho ta cam giac rang c6 mé hinh cau thang ma tirng buéc dua
ta Ién cao, nhwng cudi cung thi ta van & san ndm ngang ddng muirc noi xuat phat, 6 1a mét
diéu khong thé.

Hinh anh “Tam giac Penrose” thé hién mét mé hinh trong khéng gian ma cé thé nhin né nhuw
duoc ghep tir ba hinh hop chir nhat cung kich thwéc (ng véi ba canh) déi mét vuong goc
v&i nhau. D6 cling 1a mét mé hinh khéng thé thye hién dworc trong thuc té.

Néu tim trén mang Internet tir khoa “impossible models”, ta c6 thé bat gap nhiéu hinh anh
cho cac md hinh ma ciing nhw Cau thang bat kha va Tam giac Penrose, ching kha di, hop |i
& trng bd phan, pham vi hep, nhuwng téng thé thi khéng.

Céau truc Cau thang bat kha (Impossible Straircase) & sang tao nghé thuat cia hoa si
Thuy Dién Oscar Reutersvard tir nira dau thé ki XX. Sau nay, nha Vat li — Toan hoc 1é&n
Sir Roger Penrose ciing dwa ra y twéng nay ma dién hinh |a “Tam giac Penrose” dé ndi 1én
nguyeén li bat kha trong nhan thirc cai toan bd, rang nhan thirc, mac du méi ngay mét tién hoa,
nhwng khéng bao gio dat dén ché biét hét, biét day da, biét tan cung. (Theo F. David Peat
(2002), From Certainty to Uncertainty: The Story of Science and Ideas in the Twentieth
Century, Joseph Henry Press)




Trong hoat déng trai nghiém nay, em hay theo hudng dan sau, dé vé tam giac Penrose bang
cach dwng cac hinh hép chi¥ nhat va lwa chon mét goéc nhin thich hop.

Chua v. Str dung giao dién GeoGebra bang tiéng Viét: Vao muc Thiét /ap, chon Ngén ngir,
chon Tiéng Viét. Cac huwéng dan dwoc dwa ra trong bai hoc nay (rng voi phién ban GeoGebra
Classic.

— Budéc 1. M& phan mém GeoGebra, vao muc Hién thi va lan lrot Iwa chon cac muc sau:
Hién thi danh sach déi twong, Vung lam viéc, Hién thi dang 3D, Khung nhap lénh.

Hiénthi Céactlychon Céaccdngcu C

Hi€n thi danh sdch dditugng O 3%A
' Hién thj Spreadsheet 0 28S
CAS XK
Ving lam viéc %1
D& thi 2 {362
Hién thi dang 3D ¢R3
Cach dung hinh 3L
Phép tinh xédc sudt 08P
i Ban phim
v Khung nhap I8nh

£ Thiét ké ...

> Lam tudi ché dd hién thi %F
Tinh toén lai 13t c3 d8i tugng %R

— Buwéc 2. Trong Khung nhap lénh, 1an lrot st dung cac doan Iénh sau:

Poan lénh Y nghia

Hinh vudng c6 toa d6 2 dinh la (0; 0; 0),
(=1; 0; 0) va nam trong mat phang (Oxz).

Hinh vuong co toa do 2 dinh la (0; 9; 0),
(0; 10: 0) va nam trong mat phang (Oxy).

DaGiac((-1, 0, 0), (-1, 1, 0), 4, Hinh vuéng cé toa 6 2 dinh la (-=1; 0; 0),
TrucHoanh) (=1: 1; 0) va nam trong mat phang (Oyz).

DaGiac((0, 0, 0), (-1, 0, 0), 4, TrucTung)

DaGiac((0, 9, 0), (0, 10, 0), 4, TrucZ)

Hinh lang tru cé day la TenDagiac1 va chiéu

HinhLangTru(TenDaGiac1, 9) cao bang 9 ndm & phan dwong cua truc Oy.

Hinh I&ng tru c6 day la TenDagiac2 va chiéu
cao bang 9 nam & phan dwong cua truc Oz.

Hinh l&ng tru ¢ day la TenDagiac3 va chiéu
cao bang 9 nam & phan am cuia truc Ox.
DaGiac((0, 9, 0), (0, 10, 0), (0, 10, 9), Pa giac cé toa ddé 4 dinh la (0; 9; 0), (0; 10; 0),
(0, 9, 8)) (0; 10; 9), (0; 9; 8).

HinhLangTru(TenDaGiac2, 9)

HinhLangTru(TenDaGiac3, —9)




— Buéc 3. Di chuyén con tré vao khoang trang trong khung Hién thi danh sach dbi twong,
sau dé nhay chubt phai, lwa chon muc Cac déi twong phu.

- Hii.’n thi danh sach déi tuong <
| | - f -
Hinh tir giac
] q]. = 8BS
Hinh da gidc
® TenDaGiacl =1
® TenDaGiac2 =1
® TenDaGiac3 =1
Prism
® a=9
® b=9
® c=9
Poan thang
®f=1
'-' g = '5
® h=141
® i=8

Hién thj danh sach dai tuvong
I

B Cic déi twong phu

— Bubc 4. Di chuyén con tré vao muc Hinh da giac trong khung Hién thi danh sach ddi twong,
sau dé nhay chudt phai va lwa chon muc Hién thi doi twong de an 3 hinh vudéng da dwng.

Hinh da giac
& Toati———
® TenD: Luachon

® TenDi
Fri;rm Hién thi TenDaGiacl trong

® a=9
® b=9

-

v [ Hién thi déi twong

Lam twong ty Budc 4 cho déi twong Doan thang va dbi twong Hinh t&r giac dé an tat ca
cac doan thang va i giac.

— Buwdc 5. Trong khung Hién thi danh sach déi twong, di chuyén con tré dén 6 tron mau
trang ctia muc Mat4, sau d6 nhay chuét dé hién thi Mat4.

Tiép tuc nhay chudt chon Mat4, di chuyén con tré dén biéu twong Thiét 1ap mau va
sur trong subt dé té mau cho tlr giac (& day ta td mau doé va kéo thanh trwot dé & dd dam
I6n nhat).

v Hlé'n thi danh sach déi tuong X * Vung lam viéc |
= [~ A~ =] i
Hmh tir giac =- (. | |
Matl = 9 H EaEEE
Mat2 = 9 I
Mat3 =9
® Mat4 =9
Mat5 =9 ‘
Mate = 9
Mat7 = 9

Lam twong tw Budc 5 cho cac ddi twong:

Mat12 (& day ta t6 mau do);

Mat7, Mat11 (& day ta toé hai mat nay mau xanh da troi);
Mat2, q1 (& day ta té hai mat nay mau xanh |1a cay).




— Budéc 6. Di chuyén con tré vao khoang trang trong

— : :;E
khung Vung lam viéc, chon céng cu %% @é chen nat .- ‘%.'r .\-: q\?
a=g
tao géc nhin thich hop. "7 Thanh truot

Sau d6 nhay chuét vao khoang trang trong khung cusi S

Vung lam viéc, clra sé méi dwoc bat ra, dién tén tieuy | B Chéndnh
dé, chang han “TamgiacPenrose” va GeoGebra Scrip, Chén nit
chang han “setview diretion [(-1, =1, =1)]".

/'® Hop chon dé hién / dn déi tuong

Sau khi tao nut xong, nhay chudt vao nut Tam QiaC | a=1 chén hép nhip dir liéu
Penrose vira tao sé thu dwoc hinh vé sau.

- TanTIeTI TR ,
L . F - -
R] o* A~ e O 8@ L N
= Fallm thi dash sich = Wing Em vl < & Hidkn thi dang 30
w | fyw F I aCw

Hirsh taF gidc
Mgl ] =
& MalZ =
Bt -
s -
a5 =
gl =
B M7 =
Elaif =

| Tam giac Penrose |

£ Wl B A D O

Elatlh =

Blarlh = §
8 Matll =19
# Bal? =9

BATARLD = ©

BRI ETTH = |

BiarijEL = 1
# gl = A5

2--’3‘

"RgARRg N
L] L |

2. VE MAT MOBIUS

Mat cau Mat tru Mt Mobius

T mot manh gidy hinh chir nhat ABCD, néu dan hai mép AB va DC trung nhau ma diém A
trung diém D, diém B trung diém C thi ta dwoc mét hinh cé dang mét tru, nhwng néu dan hai
mép AB va CD trung nhau ma diém A tring diém C, diém B trung diém D thi ta sé& duoc mébt
hinh cé dang goi la mat Mobius. D6i véi mbi md hinh ¢cé dang mat cau, mat tru (hay nhiéu
mat khac), ta cé thé hinh dung ré rang méi ching cé hai phia: trong va ngoai. Nhirng mé hinh
c6 dang mat Mobius khéng phan thanh hai phia trong, ngoai nhw vay.

Gia sir manh giay hinh chlr nhat néi trén cé moét mat mau xanh va mét mat mau dé. Mat tru
dwoc tao tr manh gidy dé cé hai phia (rng véi hai mau. Gia str mét con kién dang bam &
phia nay cia mat tru, néu khéng duoc phép leo qua mép mat tru, thi n6é khéng thé bé sang
phia con lai ctia mat tru. Trong khi do, d6i véi mat Mobius tao tir manh gidy dé, con kién co thé



bd tlr mét vi tri & phan giay dwoc t&6 mau doé sang bét ki vi tri nao & phan gidy duoc td mau
xanh ma khéng can leo qua mép clia mat Mobius.
Trong khéng gian toa dd Oxyz, tap nhirng diém cb toa dé (x;y:z) dwoc xac dinh bdi

N Y
X = 1+£-m:1rs{E .cos(u)
2 2

b
ly = 1+%-m5{£ -sin(u)

(vOi u, v la cactham s thay ddi, thodman 0 < u < 2 va -1< v < 1), la mdt mat Mobius.

Ta c6 thé sir dung ph&n mém GeoGebra dé vé& mat Mobius trén theo cac bwéc sau:

— Buéc 1. M& phan mém GeoGebra, vao muc Phdi canh\Vé dd hoa 3D, chon hién thi
hé truc toa dd, Show Plane.

— Buoc 2. Trong 6 Nhap |énh, nhap phwong trinh cua mat Mobius nhw sau:

a = BeMat((1+ 5 cos(3)) cos(u), (143 cos(3)) sin(u). s sin(3). 02w, -1,1) V]

2
(1 4 ; ms(g)] cos{u)

W 1|

= (1 +3 cm(i)) sinfu)

; sfn(:)

e

Trén man hinh hién thi hinh vé:

— Buéc 3. Bé d6i mau cho hinh vé&, chon mat cdn déi mau trong  Nhap lénh, nhay chudt
phai va chon Thiét lap. Trong muc Thiét Iap, chon muc Mau sac:

Cinbdn Mausidc Kidu Nangcao Soanthdo

0, 168, 213 (HDOABDS)

.'."r’l.,

,'.I'H - ¥
X

o -"'l
h - ©

.



BAI TAP ON TAP CUOI NAM

A - TRAC NGHIEM

1.

7y L

2

Khodng nghich bién cia ham sé y = x° —6x” +9x +1 13

A. (—; 1). B. (3; +x).
C.(1:3). D. (= +x).
x*+3
Gia tri Ién nhat M clia ham sé y = trén doan [2; 4] |a
A.M=6. B.M=7. c. M=22 D. M=%,
3 3
X% -1

Tong sb cac dudng tiém can cta do thi ham s6 y = . la
A. Q. B. 1. C.2 D. 3.

Pudng cong trong hinh bén 14 d6 thi cia mét trong bon ham so YA
dwdi day. Ham s6 do la ham s6 nao?

A.y=-x°+3x°+1. B. y=x>-3x°+3.
C.y=—x"+2x+1. D.y=-;l:.
Cho ham s6 f(x)=x* + 3. Khang dinh ndo dwdi day |a ding? | O \j X
A. jf(x)dx=2x+c. B. J.f(x)dx=f+3x+C.
]
C. If(x)dx——-ﬁ +3x +C. D. jf(x)dx=-’%—+3x+c.

x

Cho ham s6 f(x) thod man f(0) =1 va f'(x)=2sinx +1. Khi d6 if(x)dx bang

o

2 2

A i +1211:—16' B. b1 ~—41t+16_
8 8

2 4+6n-8 n -2n+8

g . D. .
4 4 ”

Cho ham s6 f{x) lién tuc trén R. Goi S Ia dién tich hinh y = fix)
phang gi¢i han bdi cac dwong y =f(x), y =0, x =1
va x = 4 nhw hinh bén. / 1

_y 0 4 x




10,

1.

12

13.

Khang dinh nao duéi day la dung?

A. S:jf(x)dx +jf(x)dx. B. S:jf(x)dx—if(x]dx.
C. 8=-jf(_x)dx+jf(x]dx. D.S =—j‘f(x)dx-jif(x)dx.

Goi (H) Ia hinh phang giéi han bdi cac dwong y = 24/x, y =0, x =0va x = 4. Thé tich V
cta khoi tron xoay sinh ra khi quay hinh phang (H) quanh truc Ox |3

A. V=32 B. V¥ =32%. C.Vz%z—. D.V:%ﬁ.
Cho t(r dién ABCD, goi G la trong tam clia tam giac BCD va M |a trung diém cua doan

thdng AG. Khi dd MA + MB + MC + MD béng

A. MG. 8. 2MG. C. 3MG. D. 4MG.
Cho hinh hép ABCD.A'B'C'D’ cé tdm O va goi G Ia trong tdm clia tam giac BDA'. Ti s6
e ban
AQ 9
ﬁhl_ Bml_ E- D.E
3 2 3 4
(x =2t
Trong khong gian Oxyz, cho dwong thangd:{y =3 va mat phang
(z=—1+21
(P): 2x —y — 2z +1=0. Césin cla gobc gilra duwong thang d va mat phang (P) la
o 25 5 Y5 o 28 n Y3
g B. = b =2 ). &

Trong khéng gian Oxyz, cho diém M(2: —1: 3). Goi A, B, C lan lwot |a hinh chiéu vuéng
g6c ctia M trén cac truc Ox, Oy, Oz. Phwong trinh méat phang (ABC) la

A. 3x-6y+2z+6=0. B. 3x-6y+2z-6=0.
C.3x-2y+2z2-1=0. D. 3x-6y+2z-1=0.

Théng ké thdi gian trong tuan danh cho doc sach cla mét sé nhan vién trong mot
coéng ty dwoc cho trong bang sau:

Thoi gian (gio) [0; 2) [2; 4) (4, 6) (6, 8) [8; 10)

S6 nhan vién 3 8 15 7 2

a) Khoang bién thién cta mau s6 liéu ghép nhom nay 1a

A. 13. B. 10. C. 8. D. 6.

b) P& Iéch chudn clia mau sé liéu ghép nhém nay la (Iam tron két qua dén hang phan tram)
A.1.99. B. 2,02 C. 3,97 D. 4,09,



14.

Trong mét nhém 25 ngudi, ¢d 15 ngudi thich ubng tra, 17 ngudi thich ubng ca phé,
9 nguwdi thich ubng ca ca phé va tra. Chon ngéau nhién mét ngudi trong nhém. Biét rang
nguwdi d6 thich udng ca phé. Xac suat dé ngudi do thich udng tra 1a
B o B2, L

17 17 19 19
Trong s6 40 hoc sinh 16p 12A, ¢6 22 em dang ki thi nganh Kinh té, 25 em dang ki thi
nganh Luat, 3 em khéng dang ki thi ca hai nganh nay. Chon ngau nhién mét hoc sinh,
biét rdng em d6 dang ki thi nganh Luat. Xac suat dé em dé dang ki thi nganh Kinh té Ia

A. E B. E C. E D. i
5 5 7 7
B - TU LUAN
16. Khao sat suw bién thién va vé do thi cia cac ham sb sau:
; 2 Dy 44 2x% +x=2
= X" — 3X5, = . = :
a) y A Q) ¥=""—o
17. Tim gia tri I&n nhat va gia tri nho nhat cha cac ham sé sau:
x+1 - 2
a) y= tren doan [-1; 2]; b) y=Xx++1-Xx".
vx?+1
18. Khi dap phanh thi mét 6 té chuyén déng cham dan deu véi gia toc ¢6 dé 1én 10 m/s?.
a) Néu khi bat dau dap phanh 6 t dang chay voi van toc 54 km/h thi sau bao lau ké tir
khi dap phanh, 6 t6 sé dwng lai?
b) Néu 6 td dirng lai trong vong 20 m sau khi dap phanh thi van toc Ién nhat cta 6 td
ngay trwérc Iuc dap phanh (tinh bang km/h) co thé 1a bao nhiéu?
19. Timham sb f(x) biétrang f'(x) = x —i2+ 2 va f(1)=2.
_ _ %
20. Tinh cac tich phan sau:
r: 1
a) I=J‘|x2—x‘dx; b) !=j(2x—1)'3 dx;
0 0
3 ; 2 \
o) !=H35inx— : de; d}f:j[zef-—]dx.
) cos” X A X
21. Tinh dién tich hinh phang gi¢i han béi cac dwéng
Y=xX -1 y=x48 x=2 x=5
22, Goi (H) la hinh phang gi¢i han bdi cac dwong y =—x*+2x,y =0, x=0 va x =2. Tinh
thé tich ctia khéi tron xoay thu dwoc khi quay hinh phang (H) xung quanh truc Ox.
23.  Cho t&r dién ABCD, chirng minh rang:

a) AB-CD+AC-DB+ AD-BC =0
b) Néu AB L CD va AC 1 BD thi AD L BC.



24

26.

27

28.

o
o

30.

31.

Cho hinh lap phwong ABCD.A'B'C'D’ ¢6 canh bang a. Goi G la trong tdm clia tam giac
BC'D'.

a) Chirng minh rang AG = %(AB +AD + AA)

b) Tinh theo a 6 dai doan thang AG.

Trong khéng gian Oxyz, cho diém /(-1 2; 1) va mat phang (P): 2x -2y -z-5=0.
Viét phwong trinh dwong thang d di qua / va vuéng goc véi mat phang (P).

(x=2+1
Trong khéng gian Oxyz, cho diém A(-1 1 2) va dwéng thang d : y=3-2t
Z=-1+2t

a) Viét phwona trinh dwéng thang d’ di qua A va song song véi dwdng thang d.
b) Viét phwong trinh mat phang (P) chira diém A va duong thang d.

Trong khéng gian Oxyz, cho hai diém A(1; -2; 3), B(3: 0; -1).

a) Viét phwong trinh mat phang (OAB).

b) Tim toa d6 trung diém / cla doan thang AB.

¢) Tim diém M thudc méat phang (Oxy) sao cho |MA + MB‘ nhd nhat.

Trong khéng gian Oxyz, c6 mdt ngudn sang phat ra ti diem S(2; 3: 5) va mdt doan day
thang néi tir diém A(1; 2; 1) dén diém B(3; 1; 2). Dwéi ngubn sang, doan day trén c
bong trén mat phang (xQy) 1a mét doan thang. Tinh d6 dai doan thang do.

Thu nhap cua nguoi lao dong trong mot cong ty dwoc cho trong bang sau:

Mrc thu nhap (triéu dong) | [8;10) | [10; 12) | [12: 14) | [14; 16) | [16: 18)

S6 nguor 2 60 90 50 1

Tinh khodng t&r phan vi cho mau sé liéu nay.

C6 hai chudéng nudi ga. Chudng | c6 8 con ga tréng va 13 con ga mai. Chuong Il ¢6 10
con ga tréng va 6 con ga mai. An bat ngdu nhién mét con ga tir chudng Il dem tha vao
chudng |. Sau d6, Binh bat ngau nhién mot con ga tir chubng |.

Gia str Binh bat dwoc con ga mai. Tinh xac suat dé Binh bat dwoc con ga mai cla
chudng |.

Trong mét tudn, Son chon ngau nhién ba ngay chay bd budi sang. Néu chay bé thi xac
suat Son &n thém mét qua trirng vao bira sang hdm dé la 0,7. Néu khéng chay bd thi
xac suat Son an thém mét qua trirng vao bira sang hém dé 1a 0,25. Chon ngau nhién
mot ngay trong tudn ctia Son. Tinh xac suat @& hom do Son chay bd néu biét rang bira
sang hom dé Son cé an thém moét qua trieng.



BANG TRA CUU TU NGU
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BANG GIAI THICH THUAT NGU

THUAT NGU

GIAl THICH

Bang nguyén ham

Bang nguyén ham cdia mot s6 ham s6 so cap co ban thwong gép

Céap vecto chi phwong cua
mat phang

Hai vecto khac vecto-khdéng, khéng cung phwong v&i nhau va co gia
song song hodc nam trén mat phang

Can tich phan

Trong tich phan

b
jf(x}dx, a goi la can dwdi, b goi la can trén caa
tich phan a

Cong thirc Bayes

Céng thirc cho phép cap nhat xac suat xay ra cia bién cd A khi biét
mdbt sw kién lién quan B da xay ra

Ham sb dwéi dau tich phan

b
Trong tich phan If(x)dx, f(x) goi |4 ham s6 dwoi dau tich phén
d

Hinh thang cong

Hinh phang gi&i han bdi do thi y = f(x), truc hoanh va hai dwdng thang
x=a, x=b(a<b), trong dé f(x) 1a ham so lién tuc khdng &m trén doan
[@; b]

Nguyén ham

Nguyé&n ham ctia mdt ham so6 trén mot khoadng la ham sb c6 dao ham
bang ham s da cho trén khoang doé

Phwong trinh chinh tac
cua dwdng thang

Phwong trinh chinh tac cia dwdng thang di qua diem M(x,: ¥, Z,)
va c6 vecto chi phwong u=(abc) voi a, b, ¢ déu khac 0 13
X=X Y—Yo Z-%

El b G

Phwong trinh méat céau

Phuwong trinh mat cau tdm I(a; b; ¢) ban kinh R 13
(x-a) +(y-bY +(z-¢) =R*

Phwong trinh tham s6 cua
dwéng thang

Phwong trinh tham s6 clia dwong thang di qua diém M(x, Yy Z)

X=X, +al
y=y,+bt (teR)
|Zz=2, +Ct

va ¢ vecto chi phwong u = (a;b:c) 14 |

Phwong trinh téng quat
ctia méat phang

Phwong trinh ¢6 dang Ax+ By + Cz+ D =0, trong dé A, B, C khdng
dbng th&i bdng 0

Tich phan

b
Tich phan tlr a dén b ctia ham s6 lién tuc f(x), ki hiéu bdi I f(x)dx,

la hiéu s6 F(b) — F(a), trong d6 F(x) 1a mdt nguyén ham cla f(x) trén
doan [a; b]

Vecto chi phwong cua
dwédng thang

Vecto khac vecto-khéng va cb gia song song hodc triing véi dwdng thang

Vecto phap tuyén clia
mat phang

Vecto khac vecto-khdng va co gia vudng goc véi mat phang

Xéac suat co diéu kién

Xac suét clia mot bién cd A nao do, biét ring mét bién cb B khac xay ra

a L
L) - - i
- '
S 4
.\. %‘t‘h
L ) '
et L,
e = -

g
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